
Solutions to 116 Homework 6

1. Integrating in the Riemann-Stieltjes sense, we have

π(x) =
∑
p≤x

log p

log p
= lim

ε↓0

∫ x+ε

2−ε

1

log t
dθ(t)

= lim
ε↓0

θ(t)

log t

∣∣∣∣x+ε
2−ε
−
∫ x+ε

2−ε
θ(t)d

(
1

log t

)
=
θ(x)

log x
+

∫ x

2

θ(t)

t(log t)2
dt

Or we can evaluate the identity explicitly. Note that∫ b

a

1

t(log t)2
dt =

1

log a
− 1

log b

and let p1 < p2 < . . . < pn be the primes ≤ x, so that π(x) = n. Then

θ(x)

log x
+

∫ x

2

θ(t)

t(log t)2
dt

=
θ(pn)

log x
+ θ(pn)

∫ x

pn

θ(t)

t(log t)2
dt+

n−1∑
k=1

θ(pk)

∫ pk+1
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θ(t)

t(log t)2
dt

=
θ(pn)

log pn
+

n−1∑
k=1

θ(pk)

(
1

log pk
− 1

log pk+1

)

=
n−1∑
k=1

θ(pk+1)− θ(pk)
log pk

+
θ(p1)

log p1

= n

2. Since z ∈ h is never real, cz + d 6= 0 on h, so ρA : h→ C is well-defined.
Take z ∈ h, then we calculate

=ρA(z) =
detA

|cz + d|2
=z > 0

so ρA(h) ⊂ h.
Let B be the matrix

(
d −b
−c a

)
, and write ρB for the corresponding Mobius

transform. Since detB = detA, as above ρB is a well-defined map h → h.
An easy calculation shows that ρ−1

A = ρB.
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3. Let |f | > ε > 0 on C = ∂D. By assumption, fn → f uniformly on the
closed disc D, so we can find an N such that |fn − f | < ε/2 on C whenever
n > N . In particular, this means that |f | > |fn−f |. So by Rouche’s theorem,
f and f + (fn − f) = fn have the same number of zeros when n > N .

4. Take <s > 1. For any integer N ,

N∑
n=1

1

ns
= lim

ε↓0

∫ N+ε

1−ε

1

xs
dbxc

=
N

N s
−
∫ N

1

bxc
(
−s
xs+1

dx

)
= N1−s + s

∫ N

1

x

xs+1
dx− s

∫ N

1

x− bxc
xs+1

dx

= N1−s +
s

s− 1
(1−N1−s)− s

∫ N

1

x− bxc
xs+1

dx

(again we use Riemann-Stieltjes integral)
Since |N1−s| = N1−<s, take N →∞ and the result follows.
The last integral converges absolutely iff <s > 0, since |x − bxc| ≤ 1

but |x − bxc| ≥ 1/2 for x ∈ N + [1/2, 1]. So the right hand side defines a
meromorphic extension of ζ to <s > 0.
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