MATH 120 Final. Fri Jun 8 2012.

1.

2. (a)
(b)

()

(2 points) Let R be a ring. Give a definition of an ideal of R.
(6 points) Let I be an ideal of R. Show that

VI = {r € Rlr" € I for some integer n > 1}

is an ideal of R.

(4 points) Give an example of a ring R and an ideal I where /T # 1.

Solution:

(a)

(b)

()

We say that I C R is an ideal of R if it is both closed under addition and
under scaling by an element of R. That is for all a,b € I and r € R we must
have a+b € [ and ra € I.

Let a,b € v/I and r € R. First we prove a +b € v/I. By definition of v/T
there exist integers n and m such that a" and 0™ are elements of I. Then we
consider the binomial expansion of (a + b)"*™

n+m
((l + b)n+m _ Z an—‘rm—ibi
i=0
Since either ¢ > m or n+m — i > n each term of the summation is an element
of I and therefore (a + b)"*™ € I which implies a + b € V/1.

Next we show ra € v/I. Let us consider (ra)® = r"a", since " € I we have
r"a™ € I and therefore (ra)™ € I which implies ra € I.

Let us consider R = Z and I = 4Z the ideal of all multiples of 4. We have that
26\/7since22:4,but2§é[.

3. Let w=e3 € C. Define Zw] = {a+ bwla,b € Z}.

(a)
(b)

(3 points) Prove that Z[w] is a subring of C

(9 points) Prove that Z[w] is an Euclidean domain with respect to the norm
function N(z) = zz.

Solution:

(a)

We will show Z[w] is a subgroup and it is closed under multiplication. First we
notice 0 = 0+ 0w and 1 = 1+ 0w are elements of Z|w]. Next we show that Z[w]
is closed under addition and additive inverse. For this we note that if a; + asw
and by + bow are two elements of Z[w] where a;,b; € Z for i = 1,2. Then we
have (a; + asw) + (by + bow) = (ay + b1) + (ag + by)w and since a; + b; € Z for



i = 1,2 we have that the sum is an element of Z|w|. Similarly we notice that
—(ay + asw) = (—a1) + (—ag)w which is also an element of Z[w].

Next we prove that Z[w] is closed under multiplication. For this we first notice
that w satisfies w® = 1 and thus it satisfies w* — 1 = (v — 1)(w?* +w + 1) = 0.
Since w # 1 we must have w? + w + 1 = 0 and therefore w? = —1 — w. Now
given a; + asw and by + bow as above we have

(CLl -+ agw) (bl + bQW) = a1b1 -+ (a1b2 + agbl)w -+ (CLQbQ)CdQ
= a1b1 + (albg + agbl)w + (agbg)(—l — w)
= a1b1 — a21)2 + (CleQ + CLle — agbg)w

thus Z[w] is also closed under multiplication and therefore a subring of C.

(b) Let us consider a = a; + agw and b = by + bsw. We want to find q in Z[w| such
that we can write
a=bq+r

with N(r) < N(b). We will consider a, b in C and then the division equation
as above is equivalent to have

r=b(%—q)

We can extend N to anorm in C and thus if we can find q such that N(%—q) <
1 then this will imply N(r) < N(b) and we would be done. First we notice
that we can write § as ¢ + cow where ¢; and ¢, are rational numbers. Indeed
we have

1 by + by
b N (b1+52w)(b1+bg(z))
by + by
b3 — biby + b3
1
= ——— (b1 +bo(—1—
by g T W)
1

- (bi—by—b
7y r b b))

And thus when multiplying by a we will get an element of Z[w| divided by

bf —b1by +b3. Next we choose integer numbers ¢; and g, such that |¢; —g;| < 1.

Then the complex number 2 —q = (¢; — ¢1) + (¢2 — g2)w has norm (¢; —¢1)* —

(c1 — q1)(ca — q2) + (ca — q2)* which is strictly less than 1 since |c; — ¢ < %
4. Let T be a subgroup of a group GG. Recall the normalizer subgroup defined to be
No(T)={g € Glgtg ' € TVt € T}
You may assume without a proof that this is a group.

(a) (6 points) Prove that 7" is a normal subgroup of Ng(T).



(b)

(6 points) Let k be a field with more than 2 elements. In the case where
G = GLy(k) and T is the subgroup of diagonal matrices

t1 0
0 t

with ¢1,ts # 0, identify the quotient group Ng(T')/T.

Solution:

(a)

First we notice that T is a subgroup of Ng(T'). This is because for any two
elements t; and t, of T we have tltgtfl € T and thus t; € Ng(T) and we have
T C Ng(T). Next we prove that 7" is normal in Ng (7). Consider n € Ng(T')
and t € T. By definition of Ng(7T) we have ntn~' € T, thus nTn~! C T and
this implies that 7" is normal in Ng(7T)).

First we identify Ng(T'). Let
a b
1=l

be a matrix in Ng(T'). Then for all ¢; and 5 we must have

—1
a bl |ty Ofl]a b
Al alled e
Mutiplying this matrices we obtain

1 tlad - thC <t2 — tl)ab cT
ad — be (tl — tQ)Cd —tle + tgad

since this must hold for all ¢; and ¢35 we must conclude that ab = 0 and ¢d = 0.
Since A must be in GLy(k) either we have a =d =0 and b,c 0 orb=c=0
and a,d # 0. Now we look for the cosets of T in Ng(T'). We note that

[g 2} eT
and thus corresponds to the identity coset T'. Next, the matrices
{O b} _ [0 1] [c O]
c 0 1 0[(0 D
and this implies that the only coset besides the identity is the coset correspond-

ing to the matrix
01
10

Since we only have two elements in Ng(7')/T the group should be isomorphic
to Z/27.



