10.

. (Nesbitt) Prove that for all positive real numbers a, b, and ¢, the following

inequality holds:
a n b n c S 3
b+c c+a a+b 2

. (1996 IMO Shortlist) Let a, b, and ¢ be positive real numbers satisfying

abc = 1. Prove that:

ab n be n ca <1
adS+b>+ab b+ +bec A +ad+ca

((1995 IMO Q2)) Let a, b, ¢ be positive real numbers such that abe = 1.

Prove that:
1 1 1 3

a®(b+c) + b3(c+a) * c3(a+0b)

. ((1998 APMO Q3)) Let a, b, ¢ be positive real numbers. Prove that:

(1+%) (1+IC’) (1+Z)22<1+a+azc+c>

((2000 IMO Q2)) Let a, b, ¢ be positive real numbers such that abe = 1.

Prove that:
(a—1+1> (b—1+1> <c—1+1> <1
b c a

((2001 IMO Q2)) Prove that for all positive real numbers a, b, c:

a b c

+ + > 1
VaZz+8bc Vb2 +8ca 2+ 8ab

Let z, y, z be positive reals satisfying xyz = 1. Show that:

5[;3 y3 2’3

I19)(+2) (+20+2) (+x0l+y)

>3
— 4

Let z, y, z be positive reals. Show that:

3x+y)y+2)(z+z)
8xyz

1 1 1
>(z+y+2) ;+§+;

Let z, y, z be positive reals. Show that:

9
1

1 1 1
(zy +yz + 22) (<x+y>2 Throe T <z+x>2> =

Let k, a; >0 and s = Y . | a;. Show that:

n k
a; > n
— (s—ai> T (n—1)

(2




11.

12.

13.

14.

15.

16.

17.

Let r; > 1fori=1,2,...,n. Show that:

1 n
R )" 41

Y

n

(2

Let a; be positive reals such that Z?:l a; < 1. Show that:

a1as...an (1 — (a1 +as+---+ay)) 1
(a1 +az+-+an) [[(1—a;) — not!

(2001 IMO Shortlist) Let @1, zo, ..., z, be arbitrary real numbers. Prove
the inequality:
£ T2 In

1+x§+1+x§+x§+ +1+x‘;’+-~-+:c%

(2000 AMO Q3) Let z1,22,...,Tn,Y1,Y2,---,Yn be real numbers such
that

(i) 0 < @1y1 < 22y2 < -+ < Tpyn and
(i) 1 +xo+-Fz, > +y2+--Fy for 1 <i<n.
Prove that:

1 1 1 1 1

1
—t =+t =< —+— -+ —.
T1 Z2 Tn Y1 Y2 Yn

When does equality occur?

All coefficients of a quadratic polynomial f(z) = ax?+ bz + c are positive,
and a + b+ ¢ = 1. Prove that the inequality

flxy) f(z2) - flan) > 1

holds for all positive numbers x1, zs, ..., x, satisfying z1z5...2, = 1.

If z; >0 fori=1,2,...,n, show that,

n

i=1 =1
where the indices are read modulo n.
If x; >0fori=1,2,...,n, show that:
xT:
L S n— 1;

n 2

2
T; + Tit1Tit2

i=1

where the indices are read modulo n.
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20.

21.

22.

23.

24.

25.

Let ag,a1,...,an—1 (n > 3) be positive integers written on the circle such
that each of them divides the sum of its neighbours. Let us denote:

S, = zn: ai—1 + Qiy1
i=1 @i
For each n, determine the maximum and minimum possible values for S,,.
Let f:[0,1] — R satisfy f(0) = f(1) and
|f(a) = f(b)| <|a—0b| foralla,bel0,]1].
Show that
[f(a) = f(B)] <

Let aq,as,...,a, be n real numbers. Show that a; +a; > 0 for all i # j
if and only if

for all a,b € [0, 1].

DN | =

n n n
Zaizi > Zaixf for all z; > 0 such that sz =1.
i=1 i=1

i=1
Let n > 3 be an integer. Suppose that the inequality
(a%+a§+~-~+ai)2 >(n—1)(af + a3+ +ap)

holds for some positive real numbers ai,as,...,a,. Prove that a;,a;, ax
are the sides of some triangle for all i, j, k.

(1978 IMO Qb) Let {ar} be a sequence of pairwise distinct positive inte-
gers. Prove that:

- ag |
SRR
Let 21, 22, . . ., 2, be complex numbers such that Y ", |z = 1. Show that
> a| > 1
i€S I 6
for some subset S of {z1,22,...,2,}.
Consider n complex numbers zj such that |zx| < 1 for k = 1,2,...,n.
Prove that there exist ey, es, ..., e, € {—1,1} such that for any m < n,
le1z1 + eaza + - + €nzpn| < 2.
Find all non-negative real numbers a; < as < --- < a,, satisfying:

zn:ai = 96, ia? = 144, iaf = 216.
=1 i=1 i=1
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27.

28.

29.

30.

31.

32.

33.

(1999 APMO Q2) Let aj,as,... be a sequence of real numbers satisfying
ai+j < a;+aj forall 4,7 =1,2,.... Prove that:

a a a

G+ ot 2t 2 >a,
2 3 n

for each positive integer n.

Let aq,asq, ... be non-negative numbers satisfying a,4m < a, + a,, for all
m,n € N. Prove that:

n
a, < mai + (E — 1) Ay,

for all n > m.

(2001 IMO Shortlist) Let ag,aq,... be an arbitrary infinite sequence of
positive numbers. Show that:

1+a, > a,_1%¥2 for infinitely many positive integers n.

Let n >3, a; € [2,3], and s = >, a;. Show that:

2 .2 2
as + az — as

Z - Tl T2 295 9p,

i modn a; + Qit1 = dit2

Let p(z) be a polynomial with real coefficients such that p(x) > 0 whenever

2 > 0. Show that there exists a positive integer n such that (1 + z)"p(x)

has all its coefficients positive.

(1997 IMO Q3) Let x1,x,...,2, be real numbers satisfying the condi-
tions:

1
|e1 + 22+ +2,] =1 and |xi|§% for i=1,2,...,n.

Show that there exists a permutation y1,¥a,...,y, of x1,xs,...,x, such
that

n+1
ly1 + 2y2 + - + nyy| < )

xn=\2/2+\3/3+\4/--~+\”/ﬁ

1
H.

(Klamkin) Let

Show that

Tpntl — Tp <
Prove that for all positive integers n,
n

H2i—1<i
Pl 21 3n




34. Prove that for natural numbers k < | < m < n satisfying kn = Im, the
following inequality holds:
2
n—=k
>k+2.
() =




