THE QUANTUM SPIN BRAUER CATEGORY

PETER J. MCNAMARA AND ALISTAIR SAVAGE

ABSTRACT. We introduce a diagrammatic braided monoidal category, the quantum spin Brauer
category, together with a full functor to the category of finite-dimensional, type 1 modules for
Uq(s0(IN)) or Ug(o(N)). This functor becomes essentially surjective after passing to the idempotent
completion. The quantum spin Brauer category can be thought of as a quantum version of the
spin Brauer category introduced in [MS24]. Alternatively, it is an enlargement of the Kauffman
category, obtained by adding a generating object corresponding to the quantum spin module.

1. INTRODUCTION

For the orthogonal groups, the analogue of Schur-Weyl duality involves the statement that there
is a surjective algebra homomorphism

Br, — Endo(v) (V®r),

where Br, is the Brauer algebra on r strands. The quantum version of this statement is that there
is a surjective algebra homomorphism

(1.1) BMW, — Endy, o(ny)(V"),

where BMW,. is the Birman-Murakami-Wenzl (BMW) algebra on r strands, Uy (0(N)) = Ug(so(N))x
(Z/27) is the quantized enveloping algebra, and V' is the quantum analogue of the natural module
for the orthogonal group O(V), with N = dim V.

More recently, these statements have been incorporated into a more comprehensive approach,
where one considers morphisms between different powers of the natural module V' and rephrases
the results in terms of monoidal categories. More precisely, there is a full and essentially surjective
functor

(1.2) B(N) — O(V)-mod,

where B(N) is the Brauer category. See, for example, [LZ15, Th. 4.8]. The category B(N) is defined
for any choice of the parameter N € C. Its additive Karoubi envelope is Deligne’s interpolating
category for the orthogonal groups [Del07]|. In the quantum setting, there is a full functor

(1.3) K(N) — Uqy(so(N))-mod,

where K(N) is the Kauffman category. See [Tur89, §7.7| for a definition of the Kauffman category
and |GRS22, Prop. 4.1] for the definition of the above functor. Fullness can be deduced from the
surjectivity of (1.1).

The functor (1.3) is not essentially surjective because its image does not contain the quantum
analogue of the spin module. The same issue occurs if we replace the orthogonal group in (1.2) by
its double cover, the pin group Pin(V') or the identity component, the spin group Spin(V'). The goal
of the current paper is to resolve this problem by enlarging the category X (V) to take the quantum
spin module S into account. A first step in this direction was taken by Wenzl [Wenl12, Wen20|,

2020 Mathematics Subject Classification. 18M15, 18M30, 17B37.
Key words and phrases. Quantum group, quantized enveloping algebra, special orthogonal Lie algebra, spin group,
orthogonal group, monoidal category, string diagram, graphical calculus, Deligne category, interpolating category.



2 PETER J. MCNAMARA AND ALISTAIR SAVAGE

who described the endomorphism algebra of S®” in terms of coideal subalgebras, also known as
iquantum groups; see Remark 2.13. Other partial results were obtained in [OW02, Wen12, Abo22],
and the special case N = 7 was treated in [Wes08|.

The non-quantum setting was considered in [MS24], where the Brauer category was enlarged to
the spin Brauer category. One then has a full and essentially surjective functor from the spin Brauer
category to the category of modules of the spin or pin groups. The results of the current paper can
be viewed as quantum analogues of those results. We introduce the quantum spin Brauer category
QSB(q,t, k,ds), where the parameters ¢,t,x,ds are elements of the ground ring. The definition
of this strict monoidal category is diagrammatic, given via a presentation in terms of generators
and relations. While the Kauffman category has one generating object, which should be thought
of as a formal version of the quantum analogue of the natural module, the quantum spin Brauer
category (which might also be a called the spin Kauffman category) has an additional generating
object corresponding to the quantum spin module. The parameter dg corresponds to the quantum
dimension of this additional object. In Theorem 6.1, we define a functor

(1.4) F: QSB(N) — Uy(N)-mod,

where QSB(N) is the quantum spin Brauer category at certain values of the parameters (see (6.2))
and

Uq(N) =

Uy(s0(N)) if N is odd,
Uqy(s0(N)) x (Z/2Z) if N is even.

In the case where N is even (type D), the nontrivial element of Z/2Z acts on Uy(so(IN)) by the
nontrivial Dynkin diagram automorphism. This construction is a quantum version of the pin group,
for which there is only one spin module. We show that the functor F is full (Theorem 7.10) and
essentially surjective after passing to the additive Karoubi envelope (Theorem 8.5). The subcategory
of Q$B in which we omit the braiding morphisms for two copies of the spin module is an interpolating
category for the categories of U,(IN)-modules (Theorem 8.7).

The constructions of the current paper open some natural directions for future research. Since
QSB is a braided monoidal category, one can apply the general affinization procedure of [MS21] to
define a quantum affine spin Brauer category. Roughly speaking, this corresponds to considering
quantum spin Brauer string diagrams on the cylinder. This affine category acts on the category of
U,y (N)-modules and provides tools for investigating the translation functors given by tensoring with
the quantum spin and vector modules. In the non-quantum setting, the affine spin Brauer category
was studied in [MS24, §9].

It would also be interesting to explore the precise connection between the quantum spin Brauer
category and various web categories in types B and D that have recently appeared in the literature.
The goal of web categories is closely related to the goals of the current paper. Namely, one aims to
give a presentation of a module category by generators and relations. The main difference is that
web categories typically contain more generating objects (e.g., a generating object for each exterior
power of the natural module) and generating morphisms, and one is often able to give a complete
presentation, including a complete set of relations. Thus, the categories are more complicated but
give a more complete description. In contrast, the quantum spin Brauer category is quite simple, but
one does not have a complete presentation of Uy (IN)-mod until one explicitly describes the kernel of
the functor (1.4). Webs for the quantum analogues of orthogonal groups were described in [BW23],
but the spin module was excluded there (as in (1.2)). In type B, the theory of webs, including the
spin module, was partially developed in [BER24]|. It would be interesting to precisely describe the
connection between the quantum spin Brauer category and the web categories developed in those
papers. Roughly speaking, this should involve passing to a partial idempotent completion of the



THE QUANTUM SPIN BRAUER CATEGORY 3

quantum spin Brauer category, where one adds in an object corresponding to each of the quantum
antisymmetrizer idempotents given in Section 3.

Other work that is somewhat related to ours is [ST19|, which develops diagrammatics for the
representation categories of various coideal subalgebras by enlarging the known web categories in
type A, developed in [CKM14]. In some sense, [ST19| goes in the opposite direction as the current
paper, seeing usual quantized enveloping algebras appear in diagrammatic endomorphism algebras
of modules over coideal subalgebras, whereas we see coideal subalgebras appear as diagrammatic
endomorphism algebras of modules over usual quantized enveloping algebras (see Remark 2.13).

Acknowledgements. The research of A.S. was supported by Discovery Grant RGPIN-2023-03842
from the Natural Sciences and Engineering Research Council of Canada. The authors would like to
thank Elijah Bodish and Weigiang Wang for helpful conversations. Many algebraic computations
and verifications were done using SageMath [Sage].

2. THE QUANTUM SPIN BRAUER CATEGORY

In this section, we introduce our main category of interest. We work over an arbitrary commu-
tative ring k and use the usual string diagram calculus for strict monoidal categories. Throughout
this paper, N denotes a natural number and n = L%J, so that N = 2n (type D) or N = 2n + 1

(type B).

Definition 2.1. Suppose ds € k and ¢, t, s € kX, such that g—q¢~! € kX. The quantum spin Brauer
category, or spin Kauffman category, QSB = QSB(q,t, k,ds) is the strict k-linear monoidal category
presented as follows. The generating objects are S and V, whose identity morphisms we depict by
a thin black strand and a thick blue strand:

|:=1s, |:=1v.
The generating morphisms are
N:S®S —1, U:1—=S®S, N: VeV =1, U:1=-VRV,
AKX :S®S—=+S®S, X, X VeV -=VaeV,
A, X:VeS—=S®V, X X:S®V—=V®S,
A:V®S—S.

To state the defining relations, we will use the convention that a relation involving » > 1 red strands
(as in (2.1) and (2.2)) means we impose the 2" relations obtained from replacing each such strand
with either a black strand or a blue strand. The defining relations on morphisms are then as follows:

1 0= =0 &K=X W=rd» W=
PEEN
(2.3) X—X=(q—q_l)<‘ ‘—H)

(24) D=tn, Q=xnN,
e K= KX K= X=X
(26) M:M
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(2.7) Q_HQJ,
(2.8) /X—i—q}\— (gs® +1) m\,

(2.9) O=dsli, O=dyli, wheredy="— " +1=
q—9q

(g + 1) (k2 —q 1)
q—q!

This concludes the definition of QS$B.

Remark 2.2. The assumption that ¢ — ¢! be invertible is needed in (2.9). In Section 6, when we
define an incarnation functor to a category of modules, we will specialize k to be a power of q. Then
dy is a Laurent polynomial in ¢ and the definition of QS8 makes sense without the assumption that
g — ¢! is invertible. In particular, we could then specialize ¢ = 1.

Remark 2.3. Note the asymmetry in Definition 2.1 with regards to the roles played by ds and dy.
While ds is left as a parameter, dy is written in terms of the other parameters in (2.9). This is
because adding a cap to the top of the skein relation (2.3), then using (2.4) and the second relation
in (2.9) shows that, in order for QS8 to not collapse to the zero category, we need

K2 — k2= (q—q¢ (1 —dy).
Since we have no skein relation for the object S, we do not get any analogous restriction on dg.

Remark 2.4. One can justify the presence of the factor of gx? + 1 in (2.8) in two ways. First note
that, using (2.4), one can rewrite (2.8) as

(/X—m\>o(||+qx):o,

and | |+ ¢ X is the quantum symmetrizer (up to a scalar multiple). The second justification is

that the factor of gx? + 1 is needed to have a natural bar involution on the quantum spin Brauer
category; see Proposition 2.9.

Remark 2.5. At least one of the relations in (2.1) is redundant. Using (2.3) and the fourth equality
n (2.1) for blue strands, we have

2.1) (2.3

Na e (n-n) = A e (n-nl) & -

implying the last relation in (2.1) for blue strands. Note that a similar argument does not work
for black strands, since we do not have an analogue of the skein relation (2.3) in that case. In
Definition 2.1, we include the fourth and fifth relations in (2.1) for all colours of the strands since,
in practice, these relations are easy to verify—they follow immediately from the fact that we work
in a braided monoidal category. See the proof of Theorem 6.1.

The relations (2.2) imply that QS8 is a rigid monoidal category, with the objects S and V being
self-dual. The relations (2.1) and (2.5) imply that QS8 is braided monoidal, with braiding given by
the crossings. Then (2.6) implies that QS$B is strict pivotal, with duality given by rotating diagrams
through 180°. This means that diagrams are isotopy invariant, and so rotated versions of all the
defining relations hold. For example, we have

W=, W=, B=su, B=ru, Ua=X=nd.

Throughout this document, we will refer to a relation by its equation number even when we are, in
fact, using a rotated version of that relation. Composing the relations in (2.4) on the bottom with
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> and X respectively, then using (2.1), we get
_ -1 _ =2
(2.10) Q=t"n, Q=x72nN
We introduce other trivalent morphisms by successive clockwise rotation:

(2.11) Y::K)\, *::\/\, Y::w, /K::\(\, Y::K/\.

Since Q$B is strict pivotal, the trivalent morphisms are also related in the natural way by counter-
clockwise rotation:

@) A=Y Y=AL A=Y V=4 MY Y= A

Lemma 2.6. If
Z

i Xxey =2
XY

s any morphism in a ribbon category, then

VA Z
d
(2.13) ? = .
= /é\?
XY X Y

Proof. To simplify diagrams, we will omit the object labels and colour the strands. (The colours
here do not have the same meaning as in QSB.) We have

o-Go-19-®-

)\ A {| I

Now compose on the bottom with »{ to get
as

Finally, compose on the bottom with > and on the top with d to obtain

d

?: Ho -
2 />N
Lemma 2.7. We have

(2.14) Q:/@/K, Q:,‘fl)\, Q:ﬁ)\, Q:Ffl*,
(2.15) Q:m—lk, Q:t—ln*.

Proof. The first relation in (2.14) is simply a rewriting of (2.7), using (2.12). Then, composing on
the bottom of the first relation in (2.14) with »{ and using the second relation in (2.1) gives the
second relation in (2.14). Next, we have

Cl
A e (24) 4
98 o Hh
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where, in the first equality above, we used the first relation in (2.14). This proves the third relation
n (2.14). The fourth relation in (2.15) then follows after composing on the bottom with X and
using (2.1).

For the first relation in (2.15), we compute

Q@ﬁ&((R_m

The second relation in (2.15) then follows after composing on the bottom with > and using the
second relation in (2.1). O
Next we explore some symmetries of the quantum spin Brauer category.
Proposition 2.8. There is an isomorphism of k-linear monoidal categories
Qp: QSB(q,t, K, ds) — QSB(q,t, k, ds)P
given on objects by V— V, S — S, and on the generating morphisms by
N=U, U=N, N=U, U=N, A=Y,

K=K X=X, X X X X,

A=K X X, X X X )X,
Proof. 1t is a straightforward computation to show that {2y preserves the defining relations of
QSB(q,t,k,ds). For example,

0 () =0 ey =0y ().

showing that )y respects (2.7). The verifications of the remaining relations in Definition 2.1 are
analogous. 0

Proposition 2.9. There is an isomorphism of k-linear monoidal categories

QSB(q,t,r,ds) = QB(q~ 't k7" ds),
which we call the bar involution, given by flipping all crossings in a diagram. More precisely, the
bar involution is given on objects by S — S, V. — V, and on morphisms by

NA~=N, U=rU, NN, N=N, A= AL
KX X, X=X, X=X, X=X,
XX, X=X, X=X, X=X

Proof. We need to verify that the defining relations of Definition 2.1 hold with all crossings flipped

and ¢, t, and & replaced by ¢~ !, 1, and k™!, respectively. For most of the relations, these follow
immediately from what we have already seen. For example, for (2.4) and (2.7), it follows from (2.10)

and (2.14), respectively. The most involved relation to check is (2.8), where we need to verify that

(2.16) /X - ql/& = (¢ '+ ﬂ\

To see this, we compose (2.8) on the bottom with ) |, multiply both sides by ¢, and then use
(2.1) and (2.10). We leave the verification of the remaining relations to the reader. O

1

It will sometimes be convenient to draw horizontal strands. Since QSB is strict pivotal, the
meaning of diagrams containing such strands in unambiguous. For example,

a1y H-M =N
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Lemma 2.10. If gx? + 1 is invertible, then

(2.18) q —dy

Proof. We compute

(qn2+1)q(£)q+q®(2§)(QHZ—l—l)O‘(Qig)(qnz—i-l)dv‘. O

Lemma 2.11. If gr? + 1 is invertible, then

e X =g (LX) K=o (L))

Proof. By (2.8), we have

(2.20) (qm2+1)‘ :IMJN'

Then the first equation in (2.19) follows after composing on the bottom with > and using (2.1),

(2.5) and (2.14). Similarly, the second equation in (2.19) follows after composing (2.20) on the top
with <. O

As a corollary of (2.19), we have the skein relation

(2.21) K x qqulll H I

Lemma 2.12. We have

(2.22) FH (g+q ﬁH m (g2 + 1)( ln—2+1)H.

Proof. We have

FH P e

S T e e
(2.14)

e+ 0@ w2+ | H.

where, in the second equality, we used the bar involution applied to (2.19). ]

Remark 2.13. The image of H under the incarnation functor to be defined in Section 6 is given in

Lemma 7.2. The image of the relation (2.22) under the incarnation functor corresponds to [Wen20,
Prop 4.2]. As noted in [Wen20], this implies that one has an action on S®" of the coideal subalgebra
U,(s0,) of Uy(gl,) introduced in [GK91] and further studied in [NS95, Let97].

3. THE QUANTUM ANTISYMMETRIZER

In this section we prove some results about the quantum spin Brauer category that will be used
in the sequel. Throughout this section, we assume that k is a field, and we fix ¢, ¢, x € k* such that
q is not a root of unity. We also assume that

(3.1) 24140 forallreN.
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It will be convenient to introduce a shorthand for multiple strands:

(3.2) 0 | = 14,

= --|, r>1.

Definition 3.1. Define the quantum antisymmetrizer

(3.3) = ,

(where we label the strands by » when we wish to emphasize how many there are), recursively by

(3.4) E‘OZI =1y, +
(3.5) 41 ﬁ q ‘

Since (3.4) and (3.5) are invariant under the functor )4 of Proposition 2.8, we have

()

In order to keep diagrams as uncluttered as possible, we will often omit the label on a strand when
this label is uniquely determined by the rest of the diagram. For instance, in the diagram

S
%, where 0 < s < r,

we have omitted the label on the top-right strand, since this label is forced to be r — s.

Proposition 3.2. We have

(3.7) “ + w 0<s<r-—2,
(3.8) _O_HQ’ 0<s<r-—2

r—s—u
= r = ) u>0,0<s<r—u.
U r

Proof. First note that the second equality in (3.7) follows from the first equality in (3.7) after
applying Qg and using (3.6). Similarly, each of the second equalities in (3.8) and (3.9) follow from
the first ones. In addition, if (3.7) holds, then we have

7’52(24 7"32 3. _1 _237"7572
¥ K ¥

By our assumption (3.1), 1 4+ ¢~ 'x72 is invertible, and so the first equality in (3.8) follows. Thus,
it suffices to prove the ﬁrst equalities in (3.7) and (3.9).

(3.9)
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For m > 0, let P(m) be the statement that the first equalities in (3.7) and (3.9) hold for all
r < m and all s, u satisfying the given inequalities. Using (2.1), the equalities (3.7) are equivalent
to

s/ r—s—2

For r € {0,1}, (3.7) is vacuous, and (3.9) is trivially satisfied. For r = 2, (3.7) and (3.9) are easily
verified using the explicit form

- (ol [ X )

Thus, P(2) is true.
Now suppose that m > 2, and that P(m) is true. We have

m—1

(3.12) j (‘15)— g +Q m—1] m-

(H—QqS—m 2 m 1)(1—{—/{ 21— Qm)
- 3—2 :
(@™ —q ’")(1+f-€ q m)

We also have

m—1

(3.13)

~m 1<1+n—2q3—2m> '

We now prove the first equality in (3.7) for » = m + 1. When s < m — 1, this equality follows
easily from (3.5) and the induction hypothesis. To prove that it holds for s = m — 1, we first use
the = m — 1 case of (3.5) on the top antisymmetrizer in the middle term on the right-hand side
of the » = m case of (3.5) to see that

(3.15) = [Mi 0 q™
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Thus, using the inductive hypothesis P(m), we have

mfl\ 1 1
el = fop gnt " m—1] m-
m +

g™ —q m_2 4" —aq
14 k2¢372m 1+ kK~
m
(2.3) 1 m—1 m—2 m—1 L
= —q +4q
(3.13) [m+ 1]
_ _ _ m—1
(- L1 REGTT me Mo m-1]
1+ H_2 1-2m —2q1 —2m [m} £
q2—m _ qm qm —q m qm 1 ql—m m—l}
R m—2
+(1—|—K/ q3 2m [ ]1_1_,{, ql 2m1+l€ 2q32m) mﬁf}

1 -1 L
= —qm! tgm2 " —q ' m—1] m-2
[m + 1] )
=g ) et Y g B ¢ " —q"? )

4+ +;m—2 +_—m—2
1+K212m 1+K72q172m 4 1+/{2q1 2m mﬁ(}

Therefore, using (3.15), we have

14 —2 1—2m
@16) m+ 2L (" ey 4 g

R Ut . =

_1-m —2 m—2
=q + m —m-1 —|m| m-1
(1+H‘2q3 2m) L =l [ﬁm ‘ e

On the other hand, we have

(3.5) . U m—1 _ ql m
i m—
[m] T q —[m—1] m-2 =
U 3—2m ,.—2( m-1_ 1—
(23 iom g — 1] ms (g q

1t k- 2g32m
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Composing on the bottom with
m—1

and using (3.9) for » = m then gives that the right-hand side of (3.16) is zero. This completes the
proof of the first equality in (3.7) for r =m + 1.

Finally, we show that the first equality in (3.9) holds for r = m + 1. Since the relation is trivial
when s < 1, we assume that s > 2. Then, using the inductive hypothesis P(m), we have

]

Remark 3.3. It follows from (3.9) that the quantum antisymmetrizer is idempotent. The analogous
idempotent in the Birman—Murakami-Wenzl (BMW) algebra is well known. See for, example,
[DHS13, §3] and [HS99, §4]. The recursion (3.5) resembles [TWO05, (7.12)], except that the expression
there seems to have an error: the numerator of [m], there should be ¢ — ¢~™. Note that our use
of the term quantum antisymmetrizer does not agree with the use of this term in [DF94].

as desired.

Lemma 3.4. We have

(3.17) ::, r>0.

Proof. We prove the result by induction on r. The result clearly holds for » € {0,1}. For the
induction step, it suffices to show that the quantum antisymmetrizer satisfies the rotated version of
the recursion (3.5):

1 - q’r‘ _ qf’l"
- >1
T+ e | 1 -0 T , T>
This follows from composing both sides of (3.5) on top and bottom by
T T
and / ,
X \
respectively, then using (2.1), (2.4), (2.10) and (3.7). O

Lemma 3.5. We have
1-r T -2 2 2

2,7 -5 _ ,.2,5—
(3.18) B ' 15 "4y, reN,
/ﬁ)2—|-q ot g5 —q=*

where we interpret the right-hand side as 1y when r = 0.

Proof. This is a straightforward induction using (3.12). O
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Remark 3.6. When x2 = ¢' =V, the right-hand side of (3.18) becomes

(319) e = ([ ) e

a

b
Section 4.1.) This specializes, at ¢ = 1, to (];[)1]1.

where [a]! and [ } are quantum factorials and quantum binomial coefficients, respectively. (See

Proposition 3.7. We have

)
(3.20) =0 for all r > 0.

Proof. We have

Thus

Note that

(2 +1) (2 = (=) ") (1 = (—9)") '

()" = Ddv + (¢"s*+ ¢ r] = p—

Our assumption that ¢ is not a root of unity implies that the factor 1 — (—¢)" is nonzero, while the
assumption (3.1) implies that the factor gx? + 1 is nonzero. Furthermore, the assumption that q is
not a root of unity, together with (3.1), implies that x2 # (—¢)'~". The result follows. O

Next, we prove two technical lemmas needed in the proof of Proposition 3.10.
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Lemma 3.8. For 1< s <7, we have

[s] ¢*73k%2+1 52

(2.16) 1 s—1 -2
=" — | (¢° dy—[s—1](k " +¢q
39 [s] ( s )
Then the result follows after simplifying the coefficients. O

Lemma 3.9. For 1 <s <7, we have

(g R )P = R (¢ 4 RP)
(¢ —a )(g* 2 + K?)

(3.22)

which holds by (2.18). The inductive step follows from Lemma 3.8 and the fact that

(gr* + 1) (¢ k2 — ¢°72)
qS . q*S
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[s — 1] ¢ K2 +q (¢ k2 + 1)((127(371) _ HQ)(q%(s,l) + )
[s] g%~k +1 (¢ — a7 )(g3726=1) + k2)
(¢ 62+ 1)(¢>° = %) (> +K?)

- @@=+

Proposition 3.10. For r > 0, we have

- 1k 11

O @ +D)E? =26 O\ ( q Hrlgs® +1)
(3.23) (@ DR+ ) a B <dv

Proof. We compute

216) 1
(39) [r+1]

The result then follows after applying the s = r case of (3.22) and simplifying the resulting coeffi-
cient. ]

Corollary 3.11. We have

(3.24) _ g rl(en” + 1))> L, reN,

P Ik2 1

where we interpret the right-hand side as dsly when r = 0.
Proof. This is a straightforward induction, using Proposition 3.10 and the first relation in (2.9). O

We conclude this section with a lemma that will be used in Section 7.

Lemma 3.12. We have

32) @:0,
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(3.26) @ = dyd3.

Proof. Equation (3.25) follows from the r = 1 case of Proposition 3.7. To prove (3.26), we first
compute

(3.11) ﬁ ? qg—q " (218 ﬁ ? qg—q ! O
327 d .
( : 1—i—q_1f£_2 Trqip2V A

On the other hand, we also have

(3.28) ﬁ—i—q? (gr* + 1) @
M

Adding ¢ times (3.27) to (3.28) gives
-1 C (2.9 -1
2 14 ¢ = 2414+ L "~ 4 = 2414+ ————dv ) dsN.
(3.29) (+q)ﬁ (qn+ Jqul“v)m (qm+ L s M
We also have
21 2.9
gr® + 1+ Tp—— qulﬁdeV 22 gr* + 1+ @Pr* (k2 —q¢ ) =1+

Since ¢% # —1, we can cancel the common factor in (3.29) to get

T-sn

Therefore

4. THE QUANTIZED ENVELOPING ALGEBRA

In this section and the next, we collect important definitions and properties of the quantized
enveloping algebras associated to the orthogonal groups O(NN). Throughout this section we work
over the field )

k = (C(qii).
Recall that n = |5 ], so that N = 2n (type D,) or N = 2n +1 (type B,).

4.1. Definition of the quantized enveloping algebra. We briefly recall the definition of the
quantized enveloping algebra in types B,, and D,,. We choose the following labelling of the nodes
of the Dynkin diagrams:

2
(1) B b3 3 3 D, >4 %
1

We normalise the pairing (-,-) on the weight lattice @, Ze; so that the long roots a satisfy
(o, ) = 2. Thus

(4.2) (€i,€5) = 0ij,
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and the simple roots are given by

€1 + e if N =2n (type D,),

4.3 ap =€ —€-1, 2<1i<n, a1 =
(4.3) e - ! {61 if N =2n+1 (type By).

The positive roots are

(4.4) o+ — {eite:1<j<i<n} if N =2n (type D,),
' {eiteep:1<j<i<n, 1<k<n} if N=2n+1 (type By).

Let (aij)zj::“ be a Cartan matrix of type B, or D,. More precisely,

_ 2(0@,0@)
Y (v, )’
where the «; are the simple roots, and (a;;); jer is

2 -2 0 O O --- 0 2 0 -1 0 0 --- 0
-1 2 -1 0 0 --- 0 o 2 -1 0 0 - 0
o -1 2 -1 0 0 -1 -1 2 -1 0 0

: or :
0 o -1 2 -1 0 0 o -1 2 -1 0
0 o -1 2 -1 0 o -1 2 -1
0 0o -1 2 0 0 0o -1 2

in type B,, or D,, respectively.

Set d; = w So, in type By, we have d; = % and d; = 1 for 2 < i < n. In type D,, we have

di=1for all 1 <i<mn. For 1 <i < n, define the following elements of Z[qi%}:

] qm — q._m
g = q", [mli = =—, m € Z,
qi — q;
m [m]!;
l; = ilm —1);---[1]; = eN, r<m.
plti= bl = -t [7] =t e r<m
When d; = 1, we will often drop the subscripts ¢ above. In this case, the [m] are referred to

as quantum integers and the [T] as quantum binomial coefficients. A straightforward proof by
induction yields the following generating function for the quantum binomial coefficients:
m m
2j—m—1_\ __ m| k
(4.5) 1_[1(1—1—(] x)—kzo[k}x, m € N.
‘7: =

Definition 4.1. When N = 2n + 1, n > 1, let Uy(N) be the k-algebra generated by ei,fi,k‘fl,
1 < ¢ < n, subject to the following relations for 1 < i,j < n:

(4.6) kikiy ' =1=k ki,  kikj = kjk,
(4.7) kiej = ¢ ek = ¢/ eiki,  kify =g %) ik = g " fik,
ki — kit
(4.8) eifj — fiei = 5ijﬁ>
1—a;; 1 1—a;; 1
r — Q44 l1—a;;—r r r — Q44 l1—a;;—r r . .
an || e S|P e i
r=0 ¢ r=0 g
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(The second and fourth equalities in (4.7) follow from the fact that ¢(@®i) = ¢/"/.)
When N = 2n, n > 2, let Uy(N) be the k-algebra defined as above, but with an additional
generator o subject to the relations

(4.10) o2=1, oejoc= eo(i),  Ofi0 = fa(is Jkiila = koi(li),
where, in the subscripts, o acts as the simple transposition (12) on the set {1,2,...,n}.
For N =2n+ 1, Uy(N) is a Hopf algebra, with comultiplication, antipode, and counit given by
(4.11) Ale)=e;@ki+10e, A(f)=fiol+k'®fi, AR =k 0k,
(4.12) L(ei) = —eiki_l, L(fz) = —kz‘fi, l,(k'?:l) = k:Fl,
(4.13) e(e)) =0, €(fi)=0, e(k;)=1.

We use the notation ¢ to denote the antipode in order to reserve the notation S for the spin
module, to be introduced later. When N = 2n, U,(N) is again a Hopf algebra, extending the above
definitions by

(4.14) Alo)=0®0, wo)=c =0, elo)=1.

Remark 4.2. (a) We draw the attention of the reader to some choices we have made that differ
from some places in the literature. First, we have chosen the labelling of the nodes of the Dynkin
diagrams in (4.1) to be compatible with the embedding of B, and D, inside B,11 and Dj1,
respectively. Second, we have normalized the pairing on the root lattice so that the long roots «
satisfy (o, a) = 2, whereas it is usually normalized so that the short roots have this property. Thus,
in type By, our Uy(2n+ 1) would usually be denoted U,1/2(s0(2n+1)). Our choice of normalization
of the pairing allows us to state various result in the paper in a more uniform way.

(b) In type Dy, our Uy(2n) is a smash product of the usual quantized enveloping algebra
Uy(s0(2n)) with the group algebra k[o]/(0? — 1) of the cyclic group of order two, with conju-
gation by o acting by the outer automorphism of U,(so(2n)) that swaps the vertices 1 and 2 of
the Dynkin diagram and fixes all other vertices. This extension, sometimes denoted Ug(o(XV)), is
analogous to considering the pin group instead of the spin group; see [MS24, (4.23)].

(c) For the Hopf algebra structure defined in Definition 4.1, we have followed the conventions
of [CP95, Def.-Prop. 9.1.1], which also matches [BER24, §3.1]. Note that a different Hopf algebra
structure is chosen in [DF94, Def. 2.1.1], while yet another is chosen in [Hay90, §1.1]. Note also
that our k; and q are the kf and ¢2, respectively, of [Hay90, §1.1].

It will useful to extend our definition of U,(NN) to allow for N to be any natural number. For
small values of N, we define U,y (N) as follows.

Definition 4.3. (a) We define Uy(s0(0)) := k and U, (0) := k[o]/(c? — 1) to be the group
algebra of the group of order two, with Hopf algebra structure as in (4.14). We consider all
modules to be of type 1.

(b) We define Uy(s0(1)) = U,(1) := k[€]/(£€2 — 1) to be the group algebra of the group of order
2, with Hopf algebra structure given by

A)=¢®¢ () =¢"=¢ €§=1
We consider all modules to be of type 1.
(c) We define U,(s0(2)) to be the associative algebra generated by k, k™1, subject to the relations
kk—! =1 = k~'k. The Hopf algebra structure is given by

(4.15) Ak)=k®k, ok =EkTL k) =1
We define U, (2) to be the associative algebra generated by k, k1, o, subject to the relations
kk~'=1=k"'%, o’=1, ock=k o
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The Hopf algebra structure is given by (4.14) and (4.15). A module is said to be type 1 if

the eigenvalues of the action of k lie in q%Z .

Throughout this paper, we assume U, (so(N))-modules are type 1. Let U, (s0(V))-mod denote the
category of finite-dimensional Uy (s0(V))-modules (of type 1) and let so(IN)-mod denote the category
of finite dimensional so(/N)-modules. Both these categories are semisimple, with irreducible objects
given by highest-weight representations with dominant integral highest weights. Furthermore, tensor
product multiplicities are the same in the two categories, as are dimensions of homomorphism spaces
between corresponding modules. We let Uy(NN)-mod denote the categories of finite-dimensional
Uqs(N)-modules that are of type 1; for N > 3, this means that the modules are of type 1 when
restricted to Uy(so(N)).

Proposition 4.4. The category Uy(N)-mod is semisimple.

Proof. It N = 2n+1, then Uy(N) = Uy(so(N)), and so the result is well-known. Now suppose that
N = 2n and that M is a Uy(N)-submodule of M’. Since Uy(s0(IN))-mod is semisimple, there exists
a Uy(so(N))-module splitting, that is, a Uy(s0(N))-module homomorphism 7: M’ — M such that
m(v) = v for all v € M. Then (7 + owo): M’ — M is a splitting of Uy(N)-modules. O

We let X denote the weight lattice of Uy(so(N)) and let X denote the positive weight lattice.
For N < 2, this is defined as follows:

e When N € {0,1}, we define X = Xt =0.
e When N =2, we define X = X+ = 17Z and (A, n) = Ap.
For N € {0, 1}, all vectors in all modules are considered to have weight zero. For N = 2, a vector
v has weight X if kv = ¢ v.
For N > 2, we let Ly(\), A € X, denote the simple Uy(so(NN))-module of highest weight A. For
N = 2, this is the one-dimensional module on which & acts by ¢*.

4.2. Modules in type D. Throughout this subsection, we assume that N is even, so that U,(N) =
Uy(s0(N)) x k[o]/(6? — 1). The category of finite-dimensional Spin(/N)-modules is equivalent to
the category so(/N)-mod, hence to the category Uy(so(IN))-mod, as monoidal categories. Thus,
the category U,(IN)-mod is described via Clifford theory in a manner completely analogous to the
category of finite-dimensional Pin(/V)-modules. We refer the reader to [MS24, §4.2], where the latter
category is described in detail, and state some of the corresponding facts for U,(/N)-modules that
will be used in the current paper.

For a Uy(so(N))-module W, let W denote the Uy (so(/N))-module that is equal to W as a vector
space, but with the twisted action

a-w=(cac™Mw, a € U(so(N)), we W7,

where the juxtaposition aw denotes the action of a € Uy(s0(IN)) on w € W. We define an action of
the cyclic group (o : 02 = 1) on the weight lattice X by

(4.16) oe; = (—1)%¢, 1<i<n,
and extending by linearity. Then we have
Ly(AN)? = L(oA).

To pass between representations of Uy (so(NN)) and Uy (N), we use the biadjoint pair of restriction
and induction functors

(4.17)  Res: Uy(N)-mod — Uy(so(N))-mod and Ind: Uy(so(NN))-mod — Uy (N)-mod.
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These satisfy
(4.18) ResoInd(W) =W & W°.
The simple Uy (N)-modules are:
e Ind(W) = Ind(W?) for a simple Uy(so(N))-module W with W7 2 W,
e the two simple summands of Ind(W) for a simple U, (so(N))-module W with W7 = W.
We let triv® denote the trivial U,(N)-module and let triv' be the one-dimensional module that
is trivial as a U,(so(N))-module and satisfies ov = —v, v € trivl. If W is a simple U,(N)-module

with W7 = W as Uj(so(N))-modules, and W’ and W” are its two lifts to a Uy(/N)-module, then
these are related by

(4.19) W @ trivt = W”.
4.3. The natural module. We now describe the quantum analogue, V', of the natural module for

Uy(N). We first suppose that NV > 3. Then V is the finite-dimensional simple module with highest
weight €,. Let

-1,...,1,—-1,-2,...,— if N =2
(420) I= {TL, n 9 y Ly ) ) ) ’I’l} 1 n,
{n,n—-1,...,1,0,—-1,-2,...,—n} if N=2n+1.
The module V has a basis {v;};c1, with weights
(4.21) wt(vg) =0, wt(vy) = Le, 1<i<n,
in which the U,(N)-action is given by
(4.22) ei=FEii-1—q 'Ei_i—i, fi=Ei_1;—qF_i1-i, 2<i<n,
Ey 1—q 'E|_ if N =2
(4.23) T P ) "
(q —+ 1)E170 —q EO,fl if N=2n+ 1,
E_19—qFE_ if N =2
(4.24) fi=q e N,
¢ 2Ey1—q2(q+1)E_19 if N=2n+1,
(4.25) kv = ¢ty 1<i<n, vevV,

e ifig {£1),
(4.26) (’”i—{_v_i if i € {£1},

where E; ; is the matrix with a 1 in the (4, j)-position and 0 in all other positions, and we adopt
the convention that E;; = 0 if ¢ or j does not lie in I. Above, and in what follows, we also adopt
the convention that expressions involving o only apply in type D,, (N = 2n). The module V is a
simple, self-dual module with highest weight vector v,,.

When N < 2, the natural module is given as follows (see [MS24, Rem. 4.1]):

e When N =0, we have V = 0.
e When N = 1, V is the one-dimensional module for U,(N) = k[¢]/(£2 — 1) given by & acting
as 1. We fix a nonzero vector vg € V.
e When N = 2, the module V is 2-dimensional, with basis v, v_1, and action given by
kver = ¢ sy, ove = —vg.

When N > 3, let p denote half the sum of the positive roots (4.4), so that

. {Z?l(z —1)e;  when N = 2n (type Dy),

4.27
(4.27) St (i—3)e when N =2n+1 (type By).
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Define

(4.28) po=0, pi=(pe€) p-i=—(p i) 1<i<n.

Thus,

(4.29) pi=i—1, p_;=1—1, 1<i<n, when N = 2n,

(4.30) po=0, pi=i—1% pi=1-1i 1<i<m, when N = 2n + 1.

When N € {1,2}, we take (4.29) and (4.30) as definitions.

Lemma 4.5. For N > 1, the bilinear map

(4.31) Oy VeV —triv, Qy(vy®@u;) = 5i7,jq_25]'>0pj (¢ + 1)5730, i,j €1,
is a homomorphism of Uy(N)-modules.

Proof. Since V is simple and self-dual, there is a unique U, (N)-module homomorphism V®V — triv,
up to scalar multiple. It follows from (4.21) that ®y (v; ® v;) is zero unless i = —j.

First consider the case N = 2n. We normalize ®y so that &y (v ® v_1) = 1. For 2 <i < n, we
compute

Oy (v;, v—;) (122 Dy (ejvi—1,v—4) (1) —®y (vi_1, eik; Tv_;)
(4.2),(4.3) (4.22)
= —qPy(vi—1,eiv—) =" Py(vi1,v1-4).
(4.21),(4.25) 9Py (Vi €iv-) v (Vi1 v1-)
Thus, (4.31) holds for 1 < i < n by induction. Next, we compute
424 412
Oy (v_1 ®v1) 420 Py (frvg, v1) L2 Oy (vg, —k1 fivr)
(4.24) (4.2),(4.3)
qPv (v, k1v_2) (121)(1.25) v(v2,v_2)
Then, since, for 2 < i < n,
422) 412) _
Py (v_4, v4) (1422 —q 'Oy (fivi—i,v;) 12 q @y (vi—i, ki fiv;)
(122) (42),(43) s
= Py (v1—i, kv = Dy (v1—i,vi-1),
q V(Ul v 1) (4.21) (4.25) q V(Ul v 1)

we see that (4.31) also holds for —n < ¢ < —1 by induction.
Now suppose N = 2n + 1. This time we normalize the form so that ®y (v ® vg) = ¢ + 1. Then
we have

Dy (vy,v-1) (4.23) (¢ + 1)_1<I>V(61110, v_1) (412) —(q+ 1)_1@\/(1}0, elkl_lv_l)
<i423:$i> —q(q+ 1) By (vo,erv-1) “EY (g + 1) By (v, v0) = 1
and
Py (v_1,v1) “20 —q 3 (g + 1) @y (fro0,v1) “1? ¢ 7 (q+ 1) Dy (vo, k1 frv1)
= ) Ry ) (f;;%i:z;) ¢ g+ 1) Dy (v, v0) = g+ 2V g2,

Then the result follows by induction as in the N = 2n case. U
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4.4. The braiding. We recall some well-known facts about the braiding on the category of finite-
dimensional Uy(so(N))-modules. First suppose that N > 3. Let Ty, : WW’' — W @ W denote
the component of the braiding on modules W and W’. We can choose the braiding so that there
exist ©, € Uy(s0(N)), @k Uy(s0(N))—_,, for v in the positive root lattice of g, such that O =1®1
and, for two diagonalizable highest-weight modules W and W' of U,(g),

(4.32) Tww = flipoDy o (1 + Z Q(@V)> WeoW =W oW,

where
e flip is the tensor flip given by w ® w' — w’ ® w,
e Dy acts as multiplication by g™ on Wy @ W/M where M) denotes the A-weight space
of a module M, and
e 0(0,) = (ow ® ow’)(©,), where gpr: Uy(so(N)) — Endg (M) is the representation associ-
ated to the module M.
See, for example, [DF94, (2.3.3)]. Note that, since W and W’ are finite dimensional, the sum
>, p(©,) is finite.
Recall, from Section 4.1, our definition of weights for N < 2. We define
(433) TW,W’ = ﬂipW,W’ DW,W’ for N € {0, 1, 2}
In particular, this means that Tyy,y = flipy, - for N € {0,1}.
While it is well known that Ty~ is a isomorphism of Uy (so(V))-modules, we need the following
stronger statement.

Proposition 4.6. For W,W' € Uy(N)-mod, the map Ty, is an isomorphism of Us(N)-modules.

Proof. Since Uy(N) = Uy(so(N)) if N = 2n + 1, we suppose that N = 2n (i.e., we are in type D).
By (4.14), it suffices to show that (¢ ® o)Tww/ (0 ® 0) = Tww. For N € {0,1,2}, this follows
immediately from (4.33).

Now suppose N > 3. Since the category U,(IN)-mod is semisimple by Proposition 4.4, it is enough
to consider the case where W = L,(\) and W' = L,(X) for A, N € X*. By [KS97, Prop. 8.22]
(which is an algebraic version of Lemma 2.6), Ty w T, acts on any simple submodule of W& W’
of highest weight ;i as scalar multiplication by ¢~ (AA20) =X +20)+(nt20) Tt follows from (4.16)
and (4.27) that

(op,op+2p) = (u,p+2p)  forall peX.

Thus

(434) Tw wlww: = (O’ & U)TW’,WTW,W’ (O’ & O’).

Let ©=1+)",0, and ©7 = (0 ® 0)(©)where o acts on Uy(so(N)) via the diagram automor-
phism o. Then we have

4.32 .
(4.35) To wTww = Dy flip(o(©)) Dy 0(©)
and
4.32 . - -
(4.36) (0 ® )Ty wTww (0 @ o) "2 Dy flip (0(©7)) Dy 0(©7),
By (4.34) to (4.36), we have
(4.37) flip(0(©)) Dy 0(©) = flip (0(O7)) Dyyy0(67).

It follows from (4.37) and [DF94, Prop. 2.3.3] that o(©) = p(©7). Since no proof is given
in [DF94, Prop. 2.3.3|, we include the details. Let < denote the usual ordering on X, given by
u<v < v—p€ X", Then define an ordering < on X x X by (u,v) < (¢/,v') if
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e 1>, or

e u=yp and v <.
Then, with respect to < and the weight decomposition of the modules W and W’ the matrices
0(©) and p(©7) are both upper unitriangular, while flip(o(©)) and flip(o(©7)) are both lower
unitriangular. It then follows from (4.37) and the uniqueness of LDU factorization of matrices that
0(0) = 0(©7). Thus,

4.32 . . 4.32
(0@ o) T (0 ® o) "2 flip oDy 0 0(67) = flip oDy 0 0(0) "2 Ty,

as desired. OJ

The following lemma, which follows immediately from (4.32) and (4.33), will be useful in our
computations to come.

Lemma 4.7. Suppose W and W' are diagonalizable highest-weight modules, that w is a highest-
weight vectors of W of weight X, and that w' is a lowest weight vector of W' of weight X'. Then

(438) TW,W’ (U) & U}/) = q()")‘l)w' & w.

The only explicit braiding we will need in the current paper is Ty y/, where V' is the natural
module defined in Section 4.3. This explicit expression is well known; see, for example, [CP95, §7.3
(20)], [KS97, §8.4.2 (61)], or [DF94, Prop. 5.1.2]). In our chosen basis {v; }ic1, we have

(4.39) T:=Tyy =q)_ Ei®Ei+0nomnEoo®Eoo+ Y Eji®E;+q¢ 'Y E i ®F

1€1 1,J€I i€l

i#0 £+ i#0
+(q—q¢ )Y Ei®E;—(g—q g+ 1) Y B ;0 F;

ijel ijET

1<j 1<j

where, as usual, the terms with indices 0 only appear in the case N = 2n + 1.

4.5. Tensor product decompositions. We now note some tensor product decompositions that
will be important for us. As noted at the end of Section 4.1, these are the same as the corresponding
tensor product decompositions in the non-quantum case. We will therefore state the results without
proof, referring the reader to [MS24, §4.4]|, which handles the non-quantum case. Note, however,
that the labelling of the Dynkin diagrams is different in [MS24]; node ¢ in [MS24| corresponds to
node n — i + 1 in the current paper.

Lemma 4.8. For N > 1, we have dim Homy, (n)(S ® V,S) = 1.

Proof. When N = 1, this follows from the fact that V is the trivial module and S is simple. For
N > 2, it follows from [MS24, Cor. 4.11]. O

Proposition 4.9. Let n € N. By convention, let Lq(en + €n—1 + - -+ + €;) be the trivial Uy(so(N))-
module Ly(0) when k =n+ 1.
(a) When N =2n+1 (type By,), we have
n+1

(4.40) S92 @ Ly(en + €n—1+ -+ €g) as Uy(N)-modules.
k=1
(b) When N = 2n (type D,,), we have
n+1

(4.41) S92 =~ @Ind(Lq(en + €1+t er)) as Ug(N)-modules.
k=1
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In (4.40), all summands on the right-hand side are irreducible. For (4.41), it follows from the
discussion in Section 4.2 that the K = 1 summand is irreducible, while the k£ # 1 summands are
direct sums of two irreducible Uy (N)-modules.

4.6. Quantum dimension formulae. We now give some evaluations of the quantum dimension
formula. While standard, we include the proofs for completeness. Recall the definition of p from
(4.27). The quantum dimension of a Uy(so(N))-module M is

dimg M =Y ¢%##") dim M,
veX
Lemma 4.10. We have
dim,V =[N - 1]+ 1L

Proof. In type D,,, the weights of V are {£¢; : 1 < i < n}, each with multiplicity one. Thus, we
have

n n
dlmqV — Zqu—Q +Zq2—2i — 1+qN—2 +qN—4+.__+q2—N) — 1 + [N— 1]
i=1 i=1
In type B, the weights of V are {£¢; : 1 <i <n} U {0}, each with multiplicity one. So, we have

n n
dimg V=Y """+ ¢ +1=¢"2+" M+ o+ N+ 1=14 [N -1, O
i=1 i=1
Lemma 4.11. If N > 3, then
. N -1 N-—-1
(4.42) dimg Ly(€p + -+ + €x) = [ ] [

n—k+1 n—kz]’ 1<k=<n.

Proof. Under the equivalence of categories between U,(s0(2n))-mod and so(2n)-mod, the module
Ly(€n + -+ + €;) corresponds to the exterior power A" ¥+1(V). (See, for example, [MS24, (4.31),
(4.33)], noting our different convention for labelling the simple roots.) Recall from (4.21) that the
weights of V' are ¢;, ¢ € I, where we adopt the convention that e_; = —¢; for 1 < ¢ < n. Thus, the
weights of A"~*+1V | counted according to multiplicity, are

e, ICIL [Il=n-k+1

i€l
Therefore
dimg Ly(€n + -+ -+ €) = Z qu.
ICT el
|[I|=n—k+1

By (4.29) and (4.30), the values 2p;, i € I, are
O,N—2N—4,....2—N.
(Note that the value 0 occurs twice when N is even.) Thus, letting A = {N —2, N —4,...,2— N},

we have A .
dimg Ly(en +---+e) = > [[d+ > [

JCA  jeJ JCA jeJ
|J|=n—k+1 |J|=n—k

For [ € N, equating the coefficients of 2! in (4.5), we have
; N —1
STe- "
JCA jeJ
| T]=l
and the result follows. 0
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5. THE QUANTUM CLIFFORD ALGEBRA

Our goal in this section is to introduce the quantum analogue of the spin module for the or-
thogonal groups. This module is constructed using a quantum analogue of the Clifford algebra.
1
Throughout this section, we continue to assume that k = (C(qii).

5.1. Definition of the quantum Clifford algebra. We now introduce the quantum Clifford
algebra, following the approach of [DF94].

Definition 5.1 (|[DF94, Defs. 3.1.1, 3.2.1]). The quantum Clifford algebra Cl; = Cly(N) is the
quotient of the tensor algebra of V' by the relations

(5.1) (id+¢7T)(u @ v) = Py (u,v), u,v €V,
where T is as in (4.39). For ¢ € I, we let v; denote the image of v; in Cly(N). We also define
(5.2) Wl=4¢, 0<i<n.

It follows from (4.31) that, for 0 <i,j < n,
(5 3) (I)V(’Ui, 'U,j) = 6z](q + 1)51',0’ @V(Ufiavj) — 5’Uq_2pl(q + 1)51.’07
| Dy (vi,v5) = 0= Py (v, v—5).

The following corollary is closely related to [DF94, Prop. 5.2.3]. However, since no proof is given
in [DF94|, and our conventions (in particular, our chosen basis of V') are different, we provide a
proof. Recall our convention that expressions involving the index 0 only apply when N = 2n + 1.

Proposition 5.2. The quantum Clifford algebra Cly(N) is isomorphic to the associative algebra
with generators 1;, wg, 1 <1 < n, subject to the relations

(5.4) Pihj = —qjibi, 0<j<i<n,
(5.5) Yiph = ¢ tylyl, 0<j<i<n,
(5.6) Yithi = 0 =yl 1<i<n,
(5.7) Yl = —qul;, 0<i,j<n, i#j
(5:8) v + e = (2 = 1) Y ple +1, 1<i<n,
7>t
(5.9) Ui = (= 1)D el + 1.
j=1

Proof. For i,5 € I, j <4, j# —i, we have

T (¢ ® ¥5) 29 v ® Y.
Hence, (4.31) and (5.1) gives
Vihj + qjhi = 0,
proving (5.4). Using (5.2), it also proves (5.5) and (5.7).
Next, for ¢ € I, i # 0, we have

(4.39)

R @ i) =" qhi @1,
and so (4.31) and (5.1) give
(L+¢*)yihi =0 = ity =0,
proving (5.6).
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Finally, suppose 0 < ¢ < n. Then we have

439) _s. _ .
R(vi ® v_y) (429 g *v_; @ v — (g — ¢ V) (g + 1)%0 Zv,j ® vj.
j>i
Hence, (5.1) and (5.3) give
il + g0 = (¢ = D(g+ D0 D vl + (g + )%,
>t
proving (5.8) and (5.9). O

Recall that the classical Clifford algebra Cl(2n) is the associative k-algebra with generators
v, v, = \I/I, 1 <1 < n, subject to the relations

(510) W, 4+ 0w =0 =0wl 4 olel, welpele, =4, 1<ij<n

The classical Clifford algebra Cl(2n+ 1) is the associative k-algebra with generators ¥, \Il;r, 0<:i<
n, subject to the relations (5.10) and

(5.11) Uo=Ul, WU+ W05 =0=00! + 0w, w2=1  1<i<n
Define

(5.12) wi =00 4ol 1<i<n,

These elements are invertible and, for 1 <4, j < n, we have

(5.13) wil; =W, Ww; =q 1, \I/zwi = \IIZT, wi\I/l-L = qil\I/;r, Wiwj = Wil

(5.14) wj\I/iwj_l = ¢% U, wj\I/ZTwz-_l = q % \I/;r,

(5.15) W =00l R =1 (P -, ke

For 0 < i < n, define

(5.16) Wi 1= ij, > Hw], so that wZ Hw w>2 Hw_l

J>1 j>i J>i j>i

Proposition 5.3. There is an isomorphism of k-algebras Cly(N) =N'e CI(N) given by
(5.17) Wy qpiw;il‘l/i, 1/13 — q*piw;il\llj, 0<i<nm
Proof. Let 6 be the given map. We must verify that 6 respects the relations of Proposition 5.2. For
0<j<i<mn,
. _ 5.10 Lo
Oi0(y) = e s 1 P2 g P N = ()0

and
t (5.10)

(5.14)

It is straightforward to verify that 6(¢;)0(i;) = 0 = 0(¢])0(]) for all 1 < i < n.
For 0 <i,5 <n, i # j, we have

—g e lls el = o oy)).

]>z

OWHO(w]) = P Piw  Ulw ol

o 5.10 )
B0 = ¢ PiwZ Wi 1\I!TE 1; —g P T, = —gh(w o).

Next, for 1 < ¢ < n, we have

_ 5.14 _ 5.10
0)0]) = wiwiws o] OV 2wl O

—2
iWsg Wy (1 - \I/I\IIZ)
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LY el g+ ws? = —0wh)0() + wil

Thus,
O()0(6]) + 00 (wn) = W
29 (1 +(¢* - 1)‘1’ZT+1‘1’1'+1) W3t
= (¢* = DO )0 (isn) +wiFy
= (¢* = ) (005001 + (0] ,0)0(is) ) + w7,

= (¢* = 1) D_0w)o(w;) +1.
J>i
A similar argument shows that

n

0(v0)? = w3g = (¢ — 1) Y _ 0(whHo(w;) + 1. O

=1

Proposition 5.3 is closely related to [DF94, Prop. 5.3.1]. The difference is the factors of ¢=*:
in (5.17), which do not appear in [DF94]. We include these factors since they are needed for
Proposition 5.6. From now on, we will use Proposition 5.3 to identify Cl,(/N) and CI(V).

Remark 5.4. Quantum Clifford algebras have appeared in different places in the literature. We
have followed the approach of [DF94] in our definition of Cl,;(2n). Propositions 5.2 and 5.3, which
are motivated by [DF94, §5.3|, provide the link to the alternate approach of [Hay90, §2.1]. Precisely,
Cly(2n) is isomorphic to the quotient of the algebra A;(n) of [Hay90, §2.1] by any of the following

sets of relations (where we denote the generators 1; and 1/);[ of [Hay90] by ¥; and \I/I, respectively):
o U, Ul 4 Olw;, =1 forall 1 <i<n,
o WV, =V, forall 1 <i<n,
° \Ilgwi:\:[!g foralll <i<n.

These extra relations also appear in [BER24, Def. B.1|; see [BER24, Rem. B.2|.

5.2. The spin module for the quantum Clifford algebra. Suppose n > 1, and let
S:=AW) = @AT(W), where W = spank{\I/I :1<i<n}.
r=0

As a k-module, S has basis
N T T
(5.18) rpi=V AU A AT
I:{i1,...,ik} §{1,2,...,n}, i1 >0 >...>1, 0< k<n.
In particular,
(5.19) dimy (S) = 2™.

The classical Clifford algebra Cl(2n) acts naturally on S via wedging and contracting operators.
(The precise action is given by taking ¢ = 1 and replacing ¢ by ¥ in (5.21) and (5.22) below.)
Using (5.12), we see that

(5.20) ity = g 'z ifiel,
' ’ Tr ifi ¢ 1.
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Via the isomorphism of Proposition 5.3, S has the structure of a Cl;(2n)-module by defining, for
IC{1,2,....,n},1<i<n,

0 ifiel
5.21 o1 = el ’
(5.21) Vst {q—m<—q>'{fefv>”'wzu{i} ifi gl

pi(—q)i€ld>RH g o ifiel,
(5.22) wMI:{g( Y N el
We can define two Cly(2n + 1)-module structures on S, depending on a choice of € € {£1}. We
again use the action defined in (5.21) and (5.22), and additionally define
(5.23) Wozr = e(—1)lz;,  so that Yoz = e(—q)/lay.
In both cases, N = 2n or N = 2n + 1, we call S the spin module for Cl,(N).

5.3. The spin module for U,(/N). We now introduce the quantum analogue of the spin module
for the quantized enveloping algebra, which is one of the fundamental ingredients in our main result.

Proposition 5.5. (a) If N = 2n > 4, then there is a k-algebra homomorphism U,(2n) —
Cly(2n) given by

e; — \Ili\I/;r_l, fZ — \I/i_l\I/l-L, k‘i — wiwi__ll, 2<1< n,
1 WUy, fi o WOl ki quawy, o V1 (\111 _ \If{) .

(b) If N =2n+1 > 3, then there is a C(q)-algebra homomorphism Uy(2n + 1) — Cly(2n + 1)
given by
e WU fim WU 1<i<n,
k‘1+—>q%w1, kiniw;ll, 2<i<n.
Proof. This is proved in [Hay90, Th. 3.2|, except that the labelling of the Dynkin diagram is different
there, the element ¢ is not included in the definition of the quantized enveloping algebra there, and

[Hay90, Th. 3.2| does not have the factors of ¥y = \II[T) that appear in the images of e; and f; above
when N = 2n + 1. The relations (4.10) are straightforward to verify. For example,

—(U; — U (W0 (U — 1) = — w00, 0l = wowl(1 — wiw)) = w0l

showing that the second relation in (4.10) with ¢ = 1 is satisfied. We also have

= (U1 — W) (quawn) (W1 — W) = q(W] — 0y) (W] + ¢ Wi Wo) (0, 0] + g 0wy ) (0, — 0))
= q(U] — 1) (W2 0F + ¢ W o) (T — ¢V = q(Wa U] + ¢ UL o) (U] - W) (0 — g7 0))
= (\IJQ\IJ; + qilqjg\lfg)(\l’lll’i + q\IfJ{\Ifl) = Wle_l,

showing that the last relation in (4.10) for the positive exponent is satisfied. Verification of the
remaining relations in (4.10) is similar. O

Proposition 5.5 allows us to view the spin module S as a module for U, (V). We continue to refer
to this Uy(N)-module as the spin module. It is straightforward to see that S is a self-dual simple
module. For S to be simple, the inclusion of the element ¢ in the definition of Uy(2n + 1) is crucial.
When N = 2n + 1, S has highest-weight vector x4 of weight %(61 +e+ - +€,). When N = 2n,
we have S = Ind(Ly(te; + €2+ - +€)).

When N < 2, the spin module is given as follows (see [MS24, Rem. 4.1]):
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e When N = 0, then S is the one-dimensional module for U,(0) = k[o]/(c — 1) where o acts
by —1. We fix a nonzero element x4 € S.

e When N =1, then S is the one-dimensional module for U,(1) = k[¢]/(£% — 1) where ¢ acts
by —1. We fix a nonzero element x4 € S.

e When N = 2, the module S is 2-dimensional, with basis x4, z{1}, and action given by

kry = q%:cg, kxgy = q*%x{l}, 0Ty = —\/jlx{l}, or1y = V—1lzg.
5.4. Quantum Clifford multiplication. The inclusion V < CI(IV), together with the action of
CI(N) on S given by (5.21) to (5.23) yields a map
(5.24) T:V®S—=S ver— i, i€l
We refer to 7 as quantum Clifford multiplication.
Proposition 5.6. The map 7 is a homomorphism of Uy(N)-modules.

The proof of Proposition 5.6, which is a lengthy but straightforward direct computation, is given
in Appendix A.

5.5. Invariant bilinear form. For a subset I of {1,2,...,n}, we let I = {1,2,...,n} \ I denote
its complement. Define a bilinear form on S by

(5.25) O (wr, ) =6 yo(—1)" NI (-1)'q ™,
i€l
and extending by bilinearity. When N = 2n + 1, this is the form from [BER24, Example 4.16],

except that their ¢ is our q% and we label the Dynkin diagram differently, so one needs to replace i
by n+1—1.

Lemma 5.7. For 0 <i<mn, x,y € S, we have
(5.26) bs(Ul,y) = (-1)Vgids(x, Wly),  Bs(Wiz,y) = (—1)V "¢ Ds(x, Liy).

Proof. Tt suffices to consider the case where x =z, y = x5, 1 ¢ I, J = I \ {¢}. In this case, for
1 <14 < n, we have
q)S(\I/l'Lxlny) - (_1)I{j€1¢j>i}|¢s(xlu{i}7xJ) — (_1)I{j€1:j>i}|+n(N+1)(\I|+1) H (=1)q "
JeIu{i}
and
dg(xr, \I;ZTQCJ) — (_1)I{j¢1:j>i}\q)s($bmlc) = (—1)El>adEn(N+)H] H(_l)jq*/’j.
Jel
The first equality in (5.26) now follows from the fact that
jel:j>d|+{i¢l:7>i}[=n—1i

The proof of the second equality is similar. The proof of both equalities in (5.26) for ¢ = 0 are
straightforward. O

Remark 5.8. It follows from Lemma 5.7 and [MS24, Lem. 4.6], together with the fact that
®g(rg,x0) = 1, that setting ¢ = 1 in (5.25) recovers the bilinear form [MS24, (4.16)].

Corollary 5.9. The bilinear form ®g induces a homomorphism S ® S — triv of Uy(N)-modules.
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Proof. For N < 2, this is a straightforward direct verification. Thus, we suppose N > 3. It suffices
to show that
Sg(ax,y) = Pg(z,(a)y) for all z,y € S, a € {e;, fi, k' 0 :i € I}.
For 2 <1 < n, we have

(5.26

. 4.29
bg(eim,y) = Ds(W U a,y) "2 gz, 0l W) 127

= _q®g(z, U0l ).
(4.30) 9®s (2, 1Y)

Now, since \Ifi\Il;r_lzI =O0unlessi €l and i — 1 ¢ I, we have
gy = 00w ey = ek,
as desired. The proofs that ®g(fiz,y) = —®s(x, ki fy) and Pg(kf'x,y) = ®g(x, ki'y) are similar.
Now suppose that N = 2n. Then
5.26 4.29
Pg(e1z,y) = Ps(¥a¥iz,y) .29 ¢ (x, U Way) =y —q®s(z, Vo ¥1y).
Since VoW x; = 0 unless 1,2 € I, we have
qUa Uy = ¢ U0 wy twity = erky y,
as desired. The proof that ®g(fiz,y) = —Pg(z, k1 f1y) is similar. We also have

5.26
Ps(or,y) = V15 (1, y) V10 y) 2V TR (o, Uay) V105, W) = B (o).

Now suppose that N = 2n + 1. Then, for I,J C {1,2,...,n}, we have

5.26 4.30 1
Ps(e1zr,zy) = Ps(¥1Vozs, ) (29 gt gz, UoUyzy) (120 —q2Dg(xr, U1 Woxy).

It suffices to consider the case 1 € I, J =1 Cy {1}, since otherwise all the above expressions are
equal to zero. In this case, we have
1 _1 _ —
20 Woay = q 20 Wow; 'wy = erky 'ay,
as desired. (]

6. THE INCARNATION FUNCTOR

In this section, we relate the quantum spin Brauer category to the representation theory of Uy (V)
by defining a functor from Q$B to Uy(NN)-mod. In Sections 7 and 8, we will show that this functor
is full and essentially surjective.

Throughout this section, we assume k = C(qi%). Let

We fix the parameters
62)  t=g%ONE s (N2 = oy T (a3 ),
i=1
and set
(6.3) QSB(N) = QSB(q,t, 5, ds).
By (2.9), we have
=2 _ 2
(6:4) dy=""" p1=[N-1]+1.
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Fix a basis Bg of S, and let BY = {2 : 2 € Bg} denote the left dual basis with respect to ®g,
from (5.25), defined by

(bS(xvzy) = 5x,ya z,y € Bg.

We fix a basis By of V and define the left dual basis By, = {v¥ : v € V'} similarly, using ®y from
(4.31). Then we have G(V')-module homomorphisms

(6.5) Pl k—S®S, A=A Yz, Aek,
z€Bg

(6.6) k= VeV, A=A D> wveeY, Aek
’UGBV

These are independent of the choices of bases.
It follows from (5.25) that the left dual to the basis x;, I C {1,2,...,n}, of S is given by

n ¢ i Pi

(6.7) vf = () [ g,
il
and hence
(6.8) (Y)Y =on (H qpi> <H qpi> xJ.
icl ig1

Similarly, it follows from (4.31) that the left dual to the basis v;, i € I, of V is given by
(6.9) vy = q¥0Pi (g 4 1) %0u_y,
and hence
(6.10) (W)Y = g%,

Recall the map 7: V@ S — S from (5.24).
Theorem 6.1. There is a unique k-linear monoidal functor
F: Q$B(N) — Uy(N)-mod

given on objects by S — S, V — V| and on morphisms by

(6.11) Neds,  N= (@ V+D) ey, L=,

(6.12) A = onNTs,s, X = Tsy, A =Tyg, K= Tyy.
Furthermore, we have

(6.13) X = onTg g, X = Ty, X = Tgy, X = Ty,
(6.14) U= @5, U= (@@ + 1)o7,

We call F the incarnation functor.

Proof. We first show that (6.11) to (6.14) indeed yield a functor F. We must show that F respects
the relations of Definition 2.1. When N = 0, all diagrams involving a blue strand are zero and the
verification is straightforward. Thus, we assume N > 1.

It is well known that the Tsg, Tsyv, Tv,s, and Ty yield a braiding on the full monoidal
subcategory of U,(so(N))-mod generated by V and S. (See, for example, [Lus10, Ch. 32|.) By
Proposition 4.6, they also yield a braiding on the corresponding subcategory of U,(N)-mod. The
relations (2.5) and the first three relations in (2.1) follow immediately. The final two relations in
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(2.1) also follow from this braided structure. Indeed, it follows from the property of a braided

monoidal category that
F =F .

Composing on the bottom with F (\ X) then shows that the fourth equality in (2.1) holds for black
strands. The verification for other colours of the strands, as well as the last equality in (2.1), is
analogous.

The verification of (2.2) is standard. The verification of (2.3) is also standard, dating back to the
study of the surjection of the Birman—Murakami—-Wenzl algebra onto the endomorphism algebra of
V&2, See, for example, [CP95, Th. 10.2.5].

Next, we consider the relations (2.4). Since S is a simple self-dual module, we have

dim Hoqu(N)(S®2,triv) =1.
Thus,
F (Q) =onPsoTss =csPs=F (@)
for some cg € k. Then we compute

n
4.38) _n 5.25 _n i . _n_xNTn )
dg o TS,S(-T@wT@U) ( pad ) q 4@5(&?@3,1’@) ( o ) (_1)n(N+1)q 1 H(_l)lq Pi = gng 4 >t i

When N = 2n, we have

4 2 4 8

n n
n (4.29) N ) n nn-—1 n(2n —1 N(1—N
A SFCIES S (n-1) __nn-1) _ NO-N)
i=1 i=1
On the other hand, when N = 2n + 1, we have
n n 2
n (4.30) .1\ n =n" N({1-N)
42”1_42(12)_4 2~ §
i=1 i=1
Since ®g(rg,x4e) = 1, it follows that cg = qN(ls_N) = t, verifying that F respects the first relation

n (2.4). Similarly, since V is a simple self-dual module, we have

F (Q) = Dy o Tyy = Py = F(N)

for some ¢y € k. Then we compute

4.39) _ 4.31) _ _
Oy OTV,V(Un & U—n) ( = ) q 1(I)V (U—n X Un) ( = : q 2Pn l(I)V(Un X U—n)‘
It follows from (4.29) and (4.30) that cy = —2p, — 1 = 1 — N = k2, verifying that F respects the
second relation in (2.4).
Now consider the relation (2.6). The image under F of the left-hand side is the U,(IN)-module
homomorphism S — S ® V given by

6.8
Ty g Pg(zy,T(v@ )z @Y (68) E Pg(zg,m(vf @xY))(zf)" @ (v)Y
= (6.10)
z€Bg Ig{17277n}

(6.8) _ e o
(6.10) IN Z qu] Hq i ¢ *idg (g, T(vy @ z)))2r © V5
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Now, if 1 <i < n, then ¥g(zs,7(v; @z))) =0 unless i € I and J = I \ {i}, and in this case

(6.15) H q"i H g | g = H q~i H q i

Jel J¢l JedJ J¢d
Similarly, if —n < < —1, then ¥g(zs,7(v; ®z)) = 0 unless —i ¢ I and J = IU{—i}, and in this
case (6.15) again holds, noting that p_; = —p;. The equality (6.15) also clearly holds when i = 0.
Thus, it follows from (6.8) that the image under F of the left-hand side of (2.6) is given by

T Z g ((zy)Y,7(vy @) zr @ v; = Z g (1(vy @ 2y),25) 21 @ V5,
1€1 i€l
Ig{17277n} Ig{17277n}

which is precisely the image under F of the right-hand side of (2.6).
Next, we prove (2.7). Since, by Lemma 4.8, dim Homy, (v)(S ®@ V,S) = 1, we have

r()-5(7)

for some ¢ € k. We determine ¢ by computing the image of g ® v_,, under both sides of (6.16).
For the left-hand side, we have, using (4.38),

T 5.21
5 @V s Y, @26 D g B las 2 g P g,

For the right-hand side, we have

15®1v®¢§ 15@7’@15 Ps®1g
THRU_y 2> Z THRV_nRTIQT) 2y Z :z:g®wa1®xV Z bg(zg, T/Jnl’l)
I

Since @g(a:@,lb;[“ z7) = 0 unless I = {n}t, we have

(5.21) (5.25)

@S (l’g, @C) }/n}c = (_]_)TLN:L.{”}

+ v
Ty Q@ U_p — Pg (‘T@v ¢n‘r{n}c> x{n}[} (6.7)

Thus, ¢ = (_1)an7pn,% E;%Zi

The fact that F respects (2.8) follows immediately from the definition (5.24) of 7 and the relation
(5.1) defining the quantum Clifford algebra.
Finally, we consider the relations (2.9). We have

F(0) = X asteroai) 2 Ton (Hq ) (qu> —on Tl +a =

I el il

(610 9, (4.29)
P pi N -1 1 =dy.
= fvou) =) ¢ SN -1+1=dy

i€1 €1
This completes the proof of the existence part of the theorem. The uniqueness follows from the

fact that the images of >, X, >, and X must be the inverses of the images of >, >, >, and

X, respectively, while the images of the cups must be as in (6.14) by the same argument given at
the end of the proof of [MS24, Th. 6.1]. O

(=1)"Nq(I=N)/2 — . verifying that F respects (2.7).

and

Remark 6.2. The images under the incarnation functor of the relations (2.19) are
n

N
X = iy (),
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n

X_ (— +]:1 - ( —1/2I+q1/2>_<

At ¢ = 1, this recovers [MS24, (5.14)]. The image of the skein relation (2.21) is

S =S ()

7. FULLNESS OF THE INCARNATION FUNCTOR

In the current section, we prove that the incarnation functor of Theorem 6.1 is full. Throughout
1
this section, we assume that k = C(¢%1) and that oy, t, k, and ds are given by (6.1) and (6.2).
Recall the convention that ¢_; = 1/}3 and U_; = \Ilj for 0 <i < mn.

Lemma 7.1. We have
(7.1) F(L):zr@uv— (=1)Nrglu#la>llg, ieI, I C{l,2,...,n}

Proof. We compute that
SRS I(PN)

IOV Y T QU Qs QT le ®pixg @xy > Y Dg(wr, iwg)ry

is the map

J J
(517) pitlie>lil} g Wz g)zy P2 (L)Ne gL §™ g (w, )z
(520 Zq s(er, Wizg)ay =" (=1)""q > @g(Vizy, xy)ay
J J
— (_1)N'nq|{j¢1:j>|i|}\qjiml_
where, in the second equality, we used the fact that ®g(z7, V;x ;) = 0 unless I = Jt U {i}. ]

Lemma 7.2. We have
F(H):x1®er—>(—1) <q 2 —|—q = )BN(;UI(X):L‘J) where
By =) (q+1)7"ws ¥ @ w W € Cly(N) © Cly(N).

i€l

(7.2)

Proof. Using (5.24) and (7.1), we compute that

F(H)=F ()

is the map
6.9
1@ O (N 1) 3 P (g 1) @ 0 @ v @
1€l
. (71)Nn(q2—N +1) Z q25i>oﬁi+\{j¢11j>|i|}|(q + 1)_5i’0\l’i$1 RY_ijxy
€1
5.17 _ ) AT _5. _
( L ) (_1)Nn(q2 N 1) qu’|z\+|{J§U-J>|l|}\(q +1) 5170\IJZ-33[ ® w>‘1i‘\ll,ixj
1€l
(5.20)

-2 (_1)Nn(q27N+l)qu|\+n |\(q+1) 10w>‘ Wi @w ||\I/_7j$J
1€l
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(4.29) Nn N 2 2N 5
(4.30) (=1) < a2 ) EZI(Q + 1) 70w Yy @ |\I/—z‘flf.]. O

The element By is denoted C' in [Wen20, (3.6), (3.9)], although our conventions differ from those
of [Wen20]. See Remark 2.13. Note that

(7.3) Bo=0, Bi=(q+1)7" By=0, 00 +0leu,.

For N > 2, let
S1:=spany{ry:nel C{1,2,...,n}} CS.
When N > 5, we identify U,(N — 2) with the subalgebra of U,(N) generated by e;, fi, k',

1 <i<mn-—1,and, if N =2n, by 0. We can then restrict Uy(NN)-modules to Us(N — 2)-modules.
For N < 4, we define the restriction as follows:

e For a U,y(4)-module, both ki and ky act diagonally with eigenvalues in q%. Thus, we can
define the restriction to U, (2) by letting k € Uy(2) act by (kiky 1)%, which acts diagonally

with eigenvalues in ¢2Z. The action of o € Uq(2) is the same as the action of o € Uy(4).
e For a Uy(3)-module, we define the restriction to Uy(1) by letting £ act by 1 on eigenvectors

of k1 with eigenvalue in ¢ and by —1 on eigenvectors with eigenvalue in q%’LZ .
e We identify U,(0) with the subalgebra of U,(2) generated by 0. We then have usual restric-
tion of modules.

With the above conventions, for all N > 2, the action of Uy (/N — 2) leaves S; invariant and Sy is
isomorphic to the spin module of Uy (N — 2).

Lemma 7.3. For N > 2 and x € 51 ® S1, we have Byx = By_ox.
Proof. Suppose I,J € {1,2,...,n} and n € I, J. Then

11 (520) o4 11 (520) -4
U,z =0=U,xy, wprxr = ¢y, wptxy = gy

Thus, if N =2n + 1,

n n n
By(zr®@xy) = Z (¢ + 1)761’0 H wj | Y1 ® H wj_l U_,xg
i=-n J=lil+1 J=lil+1
n—1 n—1 n—1
Z qg+1)” H wj | Yizr ® H wfl V_;x;=By_2(zr®@xy).
i=1-n j=li|+1 Jj=li|+1

The proof in the case N = 2n is analogous; one simply omits the ¢ = 0 term in the above sums. [J

Proposition 7.4. Suppose N = 2n + 1, and recall the decomposition (4.40). For 1 <k <mn+1,
the operator By acts on the summand Ly(€, + - - - + €) as scalar multiplication by

(D" Ha+ )7k~ 1] + [K]).

Proof. We induct on n. When n = 0, we have By = (¢ + 1)~! by (7.3). Now suppose n > 1
and let Ay be the eigenvalue of By on Ly(en + -+ + €;). If & < n, then the highest weight
vector of Ly(en, + -+ + €) lies in S; ® S7 and is a highest weight vector for the simple module
Ly(en—1+ -+ €) of Uy(N —2). By Lemma 7.3 and our inductive hypothesis, this implies that
M= (—1F (g 1)1 ([ — 1] + [K]).
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The image under F of the left-hand side of (3.25) is the quantum trace of By. (See, for example,
[SW24, Lem. 7.1].) Therefore,

(525) nH)\ d nH)\ 2n 2n
D Apdimg Lo(en + -+ + €p) Zk IR

k=1
Thus, Ap41 is uniquely determined by A1, ..., Ay. Hence, it suffices to prove the identity

St ([, 2 ]+ [2]) =0

k=1

where we adopt the convention that [k] =0 = [2: ] when k < 0. For this, we compute

Scvas-new ([, ]+ [ ) - e ([, 2 - [ ])

k=1

=St - - |2 ] [2”]+i (et |2
k=1 o
~ oyt [ F] o

k=0
where the last equality follows from evaluating the generating function (4.5), with m = 2n, at

Proposition 7.5. If m > 2, then

(7.4) i ([m2"f];_11]+[2n?__klb[k] ([2m —1]+1 ni_[ ¢ +q7

k=—m

. 2m — 1 2m — 1 .
where we interpret [m g J and {m B k] as zero when k =m and k = —m, respectively.

Proof. For f(z) € k[z*!], define Df(x) = %ﬁqflm)- Let

Fa)= > ([mQTk_ ! 1] + [273?__ k;le"‘“ ) x‘m<1+m>2ﬁ1(1+q%-2mx>-

k=—m
Then the left hand side of (7.4) is equal to (D?F)(1). Since
F(q®) —2F(1) + F(q7%)
(¢—q1)?
1

= m(q—mﬂ(l F A1+ @)1+ ™) — 41+ ¢~ 2™) (1 + ¢22)

(D*F)(1) =

2m—2
(14 a1+ )1+ ) T (1+ ¢
j=2

m—1 1-m m —my 2m—2
+ — - i
_ ol qq_q)fcf ") e @7 +d™m)
Jj=2
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2m—2
= 2(2m =1+ 1) [] ("7 +¢"")

3 o
NN

=4(2m—1]+1) || (@ +¢77)%
j=1
the result follows. O

Proposition 7.6. Suppose N = 2n, and recall the decomposition (4.41). For 2 < k < n+ 1, the
operator By acts on the two simple Uy(N)-submodules of Ind(Ly(en, + €p—1 + - -+ + €)) as scalar
multiplication by [k — 1] and —[k — 1]. Furthermore, it acts as zero on the k =1 summand.

Proof. The proof is similar to the proof of Proposition 7.4. We induct on n. The case n = 0 follows
immediately from (7.3). For n = 1, the £ = 2 summand is spanned by x4 ® zy1y and z(1) @ g, as
can be seen by weight considerations. Then the result follows from the fact that

7.3
By (acg &® {1} + T{1} &® l’@) (:) + (33@ X T{1} + T{1} &® .%'g)

and (7.3) _ (7.3)
.3 7.3
By (rg ®xp) ="0 = By (${1}®x{1})'

Now suppose n > 2, and let A,y be the eigenvalues of By acting on the U,(NN)-submodules
of Ind(Lg(€, + -+ - + €)). When k = 1, we set Ay = g1 = 0. As in the proof of Proposition 7.4,
Lemma 7.3 and the induction hypothesis imply, without loss of generality, that Ay = [k — 1] = —p
forl1 <k<n.

It follows from (4.19) that the two simple submodules of Ly (e, + - - - + €), 2 < k < n, have the
same quantum dimension. Thus,

A1+ Hng1
2 )

dimg Ly(ep + -+ €) =

where the last equality follows from the induction hypothesis and the fact that dim, L,(0) = 1.
Thus, Apt1 = —pint1.

The image under F of the left-hand side of (3.26) is the quantum trace of B%. Thus, by the
quantum dimension formula (4.42) and the induction hypothesis, we have

n—1 n—1
2 2 2n—1 2n—1 9 (3.26) . o (6.2) _ J L —i2
A"“H“ﬁk:zlzn([”"“‘l] - [n_kD [k 7= dvdg = 4((2n 1]+1)]H1(q +q77)%

By Proposition 7.5, it follows that A2 + 2, ; = 2[n]%. Thus, without loss of generality, A,11 = [n]
and pn,41 = —[n]. O

Corollary 7.7. If N = 2n, then the eigenvalues of By are [i], i € Z, —n <1i < n.

We define a barbell to be any element of the form 1% @ By ® 177172 ¢ Cl,(N)®r, 0<t<r-—2,
7 > 2. The action of a barbell yields an element of Endg, (z(S®").

Lemma 7.8. The action of the barbell By generates Endy, (n)(S ® S).

Proof. This follows from the fact that, by Proposition 7.4 and Corollary 7.7, the operator By acts
on the simple summands in the decompositions (4.40) and (4.41) by pairwise distinct scalars. [

Theorem 7.9. Suppose r,r1,r2 € N.
(a) The incarnation functor F induces a surjection

HomQ.SQB(N) (S®T1 y S®T2) - Hoqu(N)(S@)Tl y S®r2).
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(b) The algebra Endy, () (S®") is generated by barbells.

Proof. The proof is the same as that of [MS24, Th. 7.8]. In order to run this argument, we need
the following facts:

e the barbell generates Endy, (v (S ® S), which is Lemma 7.8,

e the category U,(IN)-mod is semisimple, which is Proposition 4.4,

e restricting from Uy (V) to Uy(IN — 2) takes the barbell to the barbell, which is Lemma 7.3.
]

Theorem 7.10. The incarnation functor F is full.

Proof. The proof is analogous to that of [MS24, Th. 7.9]. The only difference is the diagrammatic
computation appearing there. In the quantum setting, this becomes

1
3.20) <§> -¢ 'O
2 ~$Py
3 q? "NV N
2

N—-1 1-N -1

2.8) _1§?_ A S 1-N 4 1) O

=" (¢g+q ) ( Ty +q¢ " +gq ~
N-1

.9) +
(: (G+q (ﬁ)2sqq m

N—-1
= 2ds a ; q —
(1+e¢%)a+q")
Then one replaces the D in the last line in the proof of [MS24, Th. 7.9] with QdS%. O

Therefore

8. ESSENTIAL SURJECTIVITY OF THE INCARNATION FUNCTOR

Let Kar(QSB(N)) be the additive Karoubi envelope (that is, the idempotent completion of the
additive envelope) of QSB(N). Since Uy(N)-mod is additive and idempotent complete, F induces a
monoidal functor

(8.1) Kar(F): Kar (QSB(N)) — Uqg(N)-mod.

Our goal in this final section is to show that Kar(F) is essentially surjective. Our arguments will
involve the following subcategory of the quantum spin Brauer category.

Definition 8.1. Suppose ds € k and q,t,x € k*, such that ¢ — ¢g=! € k*. We define QS8 =
QSB'(q,t, k,ds) to be the k-linear monoidal subcategory of QSB(q,t, k,ds) generated by the objects
S and V and the morphisms

m’ Ua mv Ua X’ )\

Note that, by (2.19), the subcategory QS8 also contains the morphisms > and X as long as
qr? + 1 is invertible (which we will assume below). Then, using cups and caps to rotate crossings,
we see that QSB’ contains all blue-blue and blue-black crossings. Thus, the essential point is that
we omit the crossings > and .

For the remainder of this section we assume that k is a field and ¢, ¢, x € k* such that ¢ is not a
root of unity and (3.1) is satisfied. The next result shows that all closed diagrams in QSB’ can be
reduced to a multiple of the empty diagram 1y. Its proof is similar to that of [MS24, Prop. 5.9].

Proposition 8.2. We have End s (1) = kl;.
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Proof. We freely use isotopy invariance of diagrams. We first prove that, for r € N,

2 :T ‘4

where A is a linear combination of diagrams with fewer than r blue strands attached to the black
circle. Since (8.2) trivially holds when r € {0,1}, we assume r > 2. Let = denote equivalence
modulo linear combinations of diagrams with fewer than r blue strands attached to the black circle.
Then we have

and so (8.2) holds for all » € N by induction.

We now prove that any closed diagram is equal to a multiple of the empty diagram. We proceed
by induction on the number of trivalent vertices in the diagram. Suppose we have a closed diagram
with at least one trivalent vertex. Consider the black curve that is part of that trivalent vertex.
Since every trivalent vertex has exactly two black strings incident to it, this curve is part of a loop.
By the definition of QSB’, we may assume that this curve has no self-intersections and does not
cross any other strands. Using (2.1) and (2.14), we may move any blue strings in the interior of
the loop to the exterior. Thus, we may assume that the interior of the loop is empty. Let r be the
number of trivalent vertices on this loop. Since

_20)(SE)
= = |,

we can write our diagram as a linear combination of diagrams with fewer trivalent vertices, com-
pleting the proof of the inductive step.

We have now reduced to the case of diagrams with no trivalent vertices. In this case, the relations
(2.1) and (2.4) suffice to rewrite our diagrams as a disjoint union of circles, which are evaluated as
scalars by (2.9). O

Proposition 8.3. For all 7, s € N, the spaces Hom gge (VE",V®®) and Hom ge (VE" ® S,V¥* ® S)
are finite dimensional.

Proof. As in the proof of Proposition 8.2, closed diagrams can be reduced to a scalar multiple of
the empty diagram. Thus, Hom g (VO V®$) is spanned by diagrams with no loops. In particular,
it is spanned by diagrams with no black strands. Using (2.1), (2.3), (2.4) and (2.10), it is then a
standard skein theory argument in the theory of tangles to show that this space is finite dimensional.

Similarly, Hom g (VO @S, V®$ ® S) is spanned by diagrams with no loops. In particular, it is
spanned by diagrams that have a single black string running from the bottom of the diagram to the
top that does not intersect itself. Using (2.1) and (2.14), we can move all blue strings to the left of
the black string.

We now claim that we can remove all instances of a blue string being incident to the black string
twice. Using (2.1), (2.3), (2.4) and (2.10) we can reduce the case to where the picture locally looks
like the following:
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We then use (2.8) and (2.16) to reduce to the case where there are no strands in the interior of the
blue-black loop. Then we can use (2.18) to simplify the diagram.

Now we are in a position where we can assume that no blue string is incident to the black string
more than once. Furthermore, using (2.1), (2.3), (2.4) and (2.10), we may assume that no two
blue strings cross more than once and no blue strings intersect themselves (as in the standard skein
theory argument mentioned above). An example of such a diagram for r = 6 and s = 5 is the

following:
W

\

AN

Since the number of diagrams satisfying these conditions is finite, the result follows. O

For the remainder of this section, we suppose that N € N, k = (C(qii), and that ¢, k, and dg
are given by (6.2). Let

(8.3) F': Q8" — Uy(N)-mod
be the restriction of the functor F to the subcategory QSB’.
Lemma 8.4. The functor ¥/ is full.

Proof. Since none of the arguments in Section 7 used the crossings > or X, this follows from
Theorem 7.10. g

Theorem 8.5. The functors Kar(F') and Kar(F) are essentially surjective.

Proof. Since Uy(N)-mod is semisimple by Proposition 4.4, it suffices to show that every finite-
dimensional simple U,(N)-module is in the essential image of Kar(F’), which also implies it is in
the essential image of Kar(F). Let M be a finite-dimensional simple U, (N )-module. Let s = 0 if the
components of the highest weight of M are integers and let s = 1 otherwise (i.e., if the components
of the highest weight are half-integers). Then M is isomorphic to a summand of V& @ S®* for
some r € N. By Lemma 8.4, the idempotent e, in Enqu(N)(V@”" ® S®%) projecting onto M is in
the image of
F': End e (VE" © $%°) — Endy, (v (VE" @ 59°).

By Proposition 8.3, End g4 (V" ©S?) is finite dimensional. Hence, we can lift eps to an idempotent
e € End g (V®" ® S¥%) such that F(e) = F/(e) = epr. Thus, M is in the essential image of F' as
desired. g

Remark 8.6. The non-quantum analogue of Theorem 8.5 is [MS24, Th. 8.1]. There is a gap in the
proof of [MS24, Th. 8.1|, where the lifting of idempotents is not justified, since the morphism spaces
in the spin Brauer category may be infinite dimensional. The strategy of the proof of Theorem 8.5,
which also applies to the non-quantum setting, fixes this gap.

It is straightforward to verify that QS®’ is a spherical pivotal category, hence so is its idempotent
completion Kar(QSB'). (We refer the reader to [Selll, §4.4.3] for the definition of a spherical
pivotal category.) In any spherical pivotal category C, we have a trace map Tr: @y Ende(X) —
End¢(1). In terms of string diagrams, this corresponds to closing a diagram off to the right or left:

(8.4) T () -0)-(on-

where the second equality follows from the axioms of a spherical category. We say that a morphism
f € Home(X,Y) is negligible if Tr(f o g) = 0 for all g € Home (Y, X). The negligible morphisms
form a two-sided tensor ideal A’ of C, and the quotient C/A is called the semisimplification of C.
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Theorem 8.7. The kernel of the functor Kar(F') is equal to the tensor ideal of negligible morphisms
of Kar(QSB'). The functor Kar(F’) induces an equivalence of categories from the semisimplification
of Kar(QSB') to Uy(N)-mod.

Proof. By Lemma 8.4 and Theorem 8.5 the functor Kar(F') is full and essentially surjective. It
follows from Proposition 8.2 and [SW24, Prop. 6.9] that its kernel is the tensor ideal of negligible
morphisms. ]

Theorem 8.7 states that QSB' is an interpolating category for the categories of U,(N)-modules.
The reason we need to consider the subcategory QSB’ is that the proof of Theorem 8.7 relies on
Proposition 8.2. In the larger category QSB, it does not seem possible to reduce all closed diagrams
to a multiple of the empty diagram due to the possible presence of nontrivial links in the black
strings. In fact, we could have worked with the smaller category QSB’ throughout the paper. We
have chosen to work with the larger category QSB because it has the nice property of being braided
monoidal.

APPENDIX A. PROOF OF PROPOSITION 5.6

Our goal is to show that the map 7, defined in (5.24), is a homomorphism of Uy (N)-modules.
We first need a technical lemma.

Lemma A.1. For 2 <i<n, we have
(A1) 0T g = i o 0T
(A.2) Wi Wl = iy + ¢l 0l

Proof. To prove (A.1), we compute

(5.13)
517) . _ 5.14
0 iy (27 a2 28 w2 Wi N e 23 4 ‘I’z 1% Y
5.10 _ .
(5.10) w1 - 1\1; Dws” wzwz IR T \Il

where we used the fact that p;—1 + 1 = p;, by (4.29) and (4.30). To prove (A.2), we compute

1\11 1/% = qp”I"—ﬂIfTw_-l\I/- .19 qpiw_-lllf»_l\I/T\If

(5.10)

513)wZ 1\11 U,

51 T514

0)
% (1 -, ‘I’T) %Z)z TR SR, 23 R ) Yic1+q ¢i\1’i—1\1};r- O
To prove Proposition 5.6, we need to show that
at(v®x) = 7(Aa)(v ® x)), a€UyN),veV, zeSb.

Using (4.11), (4.14) and (5.24), we see that it suffices to show that, for 1 <i <n, j €I,

(A.3) e = €ivjk; + e,
(A.4) fivs = fivy + ki fi,
(A.5) ki = Kok
(A.6) op; = avj0,

where ¥ denotes the image in Cl; (V) of v € V, and both sides of (A.3) to (A.5) are to be interpreted
as elements of Cly(NV), using Proposition 5.5.



THE QUANTUM SPIN BRAUER CATEGORY 41
Proof of (A.3). If2<i<mn,0<j<mn,j#i—1, we have

ety "2 qerwwl Wty P2 g twnl vy O gt wpe | O27 z/;jez
Since e;v; = 0 by (4.22), the equation (A.3) follows.
f2<i<n,0<j<n,j+#1, we have

(5.17)  _ _ (5.14) (5.10) _ (5.17)
vy = q Ul Wl V=Y et te el el TS g heled o Vi

where we have used the fact that \I';r_l\lfj- =0, by (5.10), when j =i — 1. Since e;v; = 0 by (4.22),
the equation (A.3) follows.

The case i =1, j # 0 is similar to the above cases.

Now suppose 2 < ¢ <nand j=1¢—1. Then

(5.17) 4.22
eii—1 = \I’ vl 1 %% R AIN ( 2 eivi_1k; + Vi_1e;.
If2<i<n,j=—i, we have
(5.17) _ (513) _p, _ (100 _

ep—i ="q " \I’I 1@ \III 5 14) pz‘*’>z'1\II%'\I/;[A\II;r = —q plw>z‘1(1 - \III\I/,)\I/LI

5.13 5.17 o

(5.13) —q Pwl 1\IIJr W 1\IJT\II \Il;r 1 (517) —q_plw>i1\I’;r_1 + 1#;[61-

5.13 _ _ _ . _ 4.23

E5:14; —q MWl W wiw ) + wle: C2 gl ki + e "2 ek 4+ e
Finally, we consider the case N =2n+1,7=1, j = 0. We have

5.17 _ 5.13 _ 5 17
61%( )‘11111’5 >5‘P0E 4; qw>%‘I’1‘I/T‘I’ o )q 291,
5.1 5.10 513) 517) _1
YPoeq G40, ‘1’0‘1’1‘1’T G0 Sotn ( —wZ{ ¥y (10 —q 2,
4.23) 1 5.13 1 _1
e1vok1 (42 q2(q + 1)Yrwy (2% (q2 +q 2) (e
and so (A.3) follows. O
Proof of (A4). If2<i<mn,0<j<mn,j#i, we have
fitj (5é ) q" ;4 \I’;f ;]1\1’ E 13; qu""si—lij;jl»‘lli,lll’;r\llj (5;0) wa 1\11 W, 1\11 ¢Jfl
5.14

Since fiv; = 0 by (4.22), the equation (A.4) follows. If 2 < :j < n, then

fzwz =", I\I/Twz 1[)7,— +q wz i— I\I/Jr fzvz + k U2f7,7
(42
as desired.
f2<i1<n,0<j<n,j#1—1, we have
(4.22)
(5.17) _ (5.14) _, _ (5.17) ———
fieg = U WlW 0] =P W W] T

as desired. We also have

Jivv1—i

(5.17) (5.14)

1 (5.10)

_Pz 1\1,1 1\I/T \I/T

—1-pj—1,,—1 . T T
i >z 1 q wo WiV,

O il (-l = s g el el v
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(G13) 1 p; 1yt 1—pi_1
=" —q wo; Vit+q w2

(5
>i— 1\111 l\Ill IIIIT
as desired.

I
Now suppose that N = 2n and ¢ = 1. When j > 2, we have
(5.17)
flw] w

(5.14),(5.10)

fzvl z+k U1— zfu

(4.22)
(G %fl fﬂbg + kLo .
When j = 2, we have

fﬂbz

5.17

_ 5.14 _ 5.10
= \I’T\P; >%\I]2( : >%\I’I\I’£\I’2 29

w;i\IfI(l — Uy
(5.17)

ORI Y o TR
When j =1, we have

f1¢1

5.17

= wlwleste, O2Y

“loZlolwhe, LY —1w—1\1ﬁ(1—\111\1ﬁ)

—qh +q 11/11f1

5.10 —
Esﬁsi —wZd Wl 4+ sl wled 2

f1U1+/€ Yorfr.
When 2 < j < n, we have

froy O el whes el o iq pitwhwtw] P20 g Jf

flv—] + kl —jfl
When j € {1,2}, we have

froy = et Peto OV g telu el OS ge

fﬂ)_] + kl _Jfl
Now suppose that N =2n+1and ¢ = 1. When j > 1, we have

— _ 517
fio; O20 gl 1\Iﬂ ;qu SIAIN wjfl

fl’U] + kl Ujfl
When j =1, we have

flwl )q?lllollflw \Ifl( ;q Wl wu wl(z)q*%w;5m0(1—qf1qx})
(5.17) (
il Ly W
5.10) 0 RSy

q "o+ g lwf
When j = 0, we have

flvl + k‘ Lot fr.

Fudo (5.17) \IID\IIT Ly, (5.14)

i qfl —1\1,0\1, U, ( :) qu 1\IIT( —q“/ﬁ,
—(424) 1
f1vo —q2(q+ 1)1,

—1—, (4.25) (5.17) _ 5.10) _ 5.13

K 1Uofl wofl = >é‘~I’0‘I’0‘I’I 10 1‘I’T (19

_ (5.17) 3
w>i\I’J{ = q“/}ir,
and (A.4) follows. When 2 < j < n, we have

fb (5.17) P, \IlT _1 + (5.14)

4.24)
J 5.10) 1 He WT\I]O\IIT 1/} Jfl ( fl”—a + ko f.

Finally, we have

e

CW 1f1 fl'U L k7o fr
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Proof of (A.5). For 2 <i<n,0<j<n, we have

+1 +1 1 (5.14) 45, Toi 1, —1 1
k; w] = qpﬂw wilw GV =T g T W FLFL

(5-17) i i i1 1 (425) 77, 41
=TT = kT Yk

The case 2 <7 < n, —n < j < 0 is analogous.
For N =2n,¢7=1, and 0 < 5 < n, we have

_ (5.14) _
kﬂ% -1 quﬂWQﬂwlﬂ 1\11 g EIES %2, I\I/]inlwfl

(B-17) 41468, 144, +1 +1 (425) 73T~ +1
=g TUTYwy Wy ki ik

The case N =2n, ¢ =1, and —n < j < 0 is analogous. The cases N =2n+1,¢=1, and j € I are
also similar. m

Proof of (A.6). For 2 < j <n, we have

5.17 . _ 5.14) 5.17 4.26
oy =) Vg (1) - sl ESIO) —V1gow (0 - 0]) "2 g0 U2 e

The case —n < j < —2 is analogous. Finally, we compute

R T T ) e e 2 1
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This completes the proof of Proposition 5.6.
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